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ABSTRACT

This paper calculates lattice thermal expansion (LTE), thermal conductivity (TC) (in the 
temperature range 300-2000 K) and melting temperature (MT) of ThO2 using classical molecular 
dynamic simulations. In this study we consider two set of interatomic potential consisting of 
Coulomb-Buckingham (Buck)  and Coulomb-Buckingham-Morse-Many body (BMM)  potential 
form. The MD calculated TE, TC and MT values are thoroughly compared with previous 
experimentally determined values. The MD calculated LTE of 10.29 x 10-6 and 10.61 x 10-6 K-1 

using BMM and Buck potential, respectively, is slightly higher than the experimentally determined 
values (9.54 – 9.86 x 10-6 K-1). The MD calculated TC values in the high temperature range (600 to 
1200 K) our results accords very well with the experimental measurements and at the low 
temperature range (300-500 K) our results are slightly different from some experimental results as 
the difference comes from our presumption that the dominant mechanism for phonon scattering is 
the Umklapp process. The MD calculated melting temperature range of ThO2 using Buck and 
BMM potential model are 3650-3675 and 3800-3825 K, respectively, and these values are in 
reasonable agreement with previous experimental values. 
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INTRODUCTION 

In the recent past, considerable attention is being devoted to develop U1-xThxO2 and Pu1-xThxO2 

mixed oxide (MOX) fuel for conventional pressurized water reactors and advanced heavy water 
reactors (AHWR) due to its superior performance in reducing the large plutonium stockpile while 
maintaining acceptable safety and control characteristics of the reactor system [1,2]. Moreover, 
Pu1-xUxO2 MOX have been used as fuels for fast reactors in many countries and MOX with higher 
amounts of PuO2 are being considered as potential fuels for the plutonium burner reactors [1,2]. In 
order to understand the behavior of the thoria based fuel during irradiation and to predict its 
performance under accidental conditions, the thermophysical properties such as thermal expansion 
and thermal conductivities need to be evaluated first at ambient conditions. Moreover, 
determination of thermophysical properties of ThO2-PuO2 by experimental means is very difficult 
because of radioactivity and toxicity of PuO2 based systems which require extensive and expensive 
safety precautions. Under this scenario, classical molecular dynamics (MD) simulation technique is 
a powerful tool to evaluate thermal properties of MOX in the desired composition range as well as 
in the high temperature regime not accessible to experimental techniques. Moreover, interatomic 
potentials are the back-bone of the MD simulations. In order to predict thermo-physical properties 
of MOX using MD simulation, these properties need to be calculated for pure ThO2 in order to 
evaluate capability of the interatomic potential used in these simulations.  

In the present study, we adopted classical MD simulation methodology to predict lattice thermal 
expansion (LTE), thermal conductivity (TC) and melting temperature (MT) of pure ThO2 using 
two interatomic potential consisting of Buckingham and Buckingham-Morse-Many body potential 
form.  
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POTENTIAL MODEL 
Buckingham-Morse-Many body (BMM) Potential combines a pair potential description of each 

system with the many-body EAM description of Daw and Baskes [3]. The potential energy of an 
atom i with respect to all other atoms can be expressed as:                                  

Ei=
1
2∑j

φαβ(rij )−Gα(∑j
σ β (rij))

1
2

(I)
The pair interaction potential of two particles in the ThO2 system consists of Coulomb, short range 

repulsive and covalent bonding contributions: 
ϕ
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(II).

The electrostatic interaction of two ions of type α and β is given by Coulomb law: 
ϕ

αβ
( C )

(r )=q
α

q
β
/4πϵ

0
r

, (III)
where qα and qβ are partial charges of Th and O, respectively. The short-range interaction is 
described by Buckingham-type potential (α, β = Th, O):
ϕ
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/r6

. (IV)
The covalent interaction for cation-oxygen subsystem is represented by Morse functional form:

ϕαβ
( B ) (r ) =Dαβ [ exp (−βαβ (r−r αβ

' ) )−1 ]
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(V)
The many body part of Equation (1) is achieved by a combination of a set of pairwise interaction (
∑

j

σ β (rij )
) between atom i and its nearest atoms and then passing it through a non-linear embedding 

function. Equation (5) gives functional form of σ β (rij )  (nβ  is  the constant of proportionality) and 

many-body energy term is proportional to
∑

j

σ β
1/2

(rij )
 with Gα as constant of proportionality in 

Equation (1).      
σ β (rij)=

nβ

rij
8

(VI)
In the Buckingham (Buck) potential format, Buckingham potential model was used to represent 

short-range cation-oxygen and oxygen-oxygen interactions along with long-range Coulomb term. 
Details of the potential parameters of BMM and Buck model can be found in reference [4] and [2], 
respectively. 

MD SIMULATION METHODOLOGY
The MD simulations  for  TE,  TC and MT were carried  out  using  the LAMMPS [5]  code. 

Coulombic  interactions  were calculated using  the Ewald method  [6]  with  the  particle–particle 
particle–mesh  (PPPM)  implementation  of  the  method  within  the  MD calculations  to  improve 
computational efficiency [5]. In the present study, the MD supercell was constructed having 4000 
cations  and 8000 anions by an  array of  10x10x10 unit  cells  for  ThO2.  These  structures  were 
equilibrated with 2 fs  time  step in the temperature range between 300 K and 3000 K (100 K  
interval)  with  the  NPT  ensemble  (constant  number  of  atoms,  constant  volume,  and  constant 
pressure) at zero external pressure using the Berendsen barostat with a time constant of 5 ps and 
Nose -Hoover thermostat with a time constant of 1 ps. Each simulation of thermal expansion waś  
carried out initially for 200 ps for equilibration at the desired temperature and then for another 50 
ps to get an average value of the thermodynamic quantity.

RESULTS & DISCUSSION

Lattice Thermal Expansion
For the ThO2 ideal solid lattice, the lattice parameters as a function of temperature are shown in 

Fig. 1 for Buck and BMM potential model, along with high temperature XRD (HT-XRD) values 
[7–11]. It is obvious that our simulation lattice parameters of ThO2 increase with the increasing 
temperature and agree with literature data very well in low-temperature (< 1500 K) for both the 
potential  model.  At  higher  temperature  BMM  model  matches  well  with  HT-XRD  values 
determined by Hirata et al. [8] and Buck model slightly overestimates (< 0.3 %) HT-XRD values. 
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The MD calculated lattice thermal expansion data was least squares fitted to a third degree 
polynomial equation for each potential model. The fitting errors for all these compositions were 
within ±1%. The recommended thermal expansion data in the temperature range from 300 to 2000 
K for ThO2 is given below:
 a(T) = 5.58 + 4.88 x 10-5 T + 18.92 x 10-10 T2 + 1.14 x 10-12 T3  (BMM model)
 a(T) = 5.58238 + 4.728 x 10-5 T + 70.284 x 10-10 T2 – 0.174 x 10-12 T3  (Buck model)
a(T) vs T polynomial equation matches well with recommended equation by T. Yamashita  et al. 
[9] as described below:   
 a(T) = 5.58 + 4.63 x 10-5 T + 4.71 x 10-10 T2 + 2.51 x 10-12 T3  

Fig. 1: MD calculated temperature variation of lattice parameter (a(T)) of ThO2 using Buck and BMM model along 
with previous high temperature XRD measured values.

Table 1: MD calculated thermal expansion coefficients are compared with experimentally 
measured (by dilatometer and high temperature XRD) values available in the literature.

Thermal expansion 
coefficients (α) (10-6 K-1)

Remarks

10.29 (300-1800 K)
10.61(300-1800 K)

9.54 (293-1173 K)
9.86 (298-2055 K)
9.55 (298-1271 K)
9.50 (298-1600 K)
9.78 (293-1273 K)

MD present study (BMM model)
MD present study (Buck model)

HT XRD, Mathews et al. [7]
HT XRD, Hirata et al. [8]

HT XRD, Toshiyuki Yamashita et al. [9]
HT-XRD, Momin et al. [10]
HT XRD, Ghosh et al. [11]

In order to further analyze our MD calculated thermal expansion behavior of ThO2,  Table 1 
enlist our MD calculated thermal expansion coefficients (α) values with the literature data [7-11].  
The numerical value of MD calculated α is always greater than the experimentally measured α  
values. As MD calculations are performed on a model system with no incorporation of porosity,  
impurity effects, etc. In contrast, the experimental samples are not devoid of these effects where  
some part of the lattice thermal expansion may be accommodated in the porosity of the samples.  
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Moreover, this interatomic potential of ThO2 predicts α values which are close to previous HT-
XRD measurements. 

Thermal Conductivity

Green-Kubo (GK) formalism was employed to calculate thermal conductivity using the MD 
simulations where an estimate of a transport coefficient relies on the integral of an accurate time-
correlation of the equilibrium fluctuations of the corresponding heat flux in the system. ThO2 

supercells were equilibrated first with an NPT run (with the Nose -Hooveŕ  thermostat and the 
Berendsen barostat) to allow the volume to expand for 500 ps, followed by an NVE run to 
equilibrate the system at the desired temperature for 200 ps. After equilibration, the time series 
data for the heat current was collected under NVE for 2000 ps. The integral of the heat current 
correlation function was evaluated using the trapezoidal rule and thermal conductivity is 
determined as the average value in the stable regime of the integral.

Fig. 2: MD calculated temperature variation of thermal conductivity  of ThO2 using Buck and BMM model along 
with previous experimentally measured values.

The calculated thermal conductivities of ThO2 as a function of temperature (300-2000 K range) 
using BMM and Buck model are shown in Figure 2. The MD calculated values decreases with an 
increase of temperature, which reflects lowering of thermal conductivity by the phonon–phonon 
scattering. On the other hand, plenty of experimental thermal conductivities measurements are 
available in the literature for ThO2 [12-16] and these are also plotted in Figure 2. In order to 
compare with the reported experimental data, a density (porosity) correction was applied to the 
MD calculated values as these were obtained for 100% TD. The porosity effect incorporated 
thermal conductivity (κ) is related with the 100% TD thermal conductivity (κ0) by Maxwell-
Eucken equation. 

We can see that in the considered temperature range, our calculated values are in agreement 
with the experimental results, which proves the validity of our methods and model. Especially, in 
the high temperature range from 600 to 1200 K, our results accords very well with the experimen-
tal measurements by Bakker et al. [14], Touloukian et al. [12] and by Pillai et al. [15]. At the low 
temperature range around the Debye temperature of 402 K, our results are slightly different from 
some experimental results. This difference comes from our presumption that the dominant mecha-
nism for phonon scattering is the Umklapp process.
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Melting Temperatures
We  performed  two-phase  simulations  (TPS)  in  the  isothermal-isobaric  (NPT)  ensemble  to 

determine the melting temperature of ThO2  using Buck and BMM model. A supercell of 20x5x5 
(6000 atoms) unit-cell contained both solid and liquid phase of pure ThO2. Firstly, simulation box 
was thermalized at T1= 3000 K and P= 0 GPa via MD runs in the NPT ensemble. Next, atoms in  
one half of the simulation box (10x5x5 supercell) were kept fixed in their positions and MD runs 
were performed for the other half of the simulation box in the NPT ensemble at a sufficiently high 
temperature (T2= 5000 K and P= 0 GPa) to create a liquid phase. The resulting supercell was then  
subjected to MD runs in the NPT ensemble at T3= 4000 K (which is higher than the expected 
melting temperature) and P = 0 GPa, keeping the same half of the atoms fixed. The result of this  
process was a supercell containing solid ThO2 at 3000 K in one half, and liquid ThO2 at 4000 K in 
the other half.  This ensures a minimum difference of stress between atoms in liquid and solid  
phases  of  the  supercell.  This  supercell  was  then  used  in  the  simulations  of  solidification  and 
melting of ThO2. 

The  TPS supercell  prepared  in  the  previous  section  was  heated  by  MD runs  in  the  NPT 
ensemble where the temperature T was increased from 3400 K to 3900 K in 25 K intervals. Each  
system ran for 1.6 ns of simulation time at a time step of 2 fs. The phase change of the two-phase  
simulation  box  was  visually  monitored.  For  BMM  model,  at  3650  K  the  solid  phase  of  the 
simulation box progressed to occupy the entire box. In comparison, at 3675 K the liquid phase of  
the simulation box progressed to occupy the entire box. Similarly, for Buck model at 3800 K the 
solid phase of the simulation box progressed to occupy the entire box. In comparison, at 3825 K 
the liquid phase of the simulation box progressed to occupy the entire box. The determined melting  
temperature range from the TP simulation is listed in Table 2 with experimental values [24–27]. 

BMM Model Buck Model
Fig. 3: (Left panel: BMM model) Snapshots of the two-phase MD simulation in the NPT ensemble with T=3650 K 
and 3675 K. The red spheres  represent Th atoms and the blue spheres represent O atoms. (a) Initial state of the  
simulation box, which contains both liquid and solid phases. (b) Intermediate state of the simulation box at 0.5 ns, as 
the solid phase propagates to the liquid (at 3650 K) and liquid phase propagates to the solid phase (at 3675 K). (c) 
Final state of the simulation box at 1.6 ns, when the entire system has turned into a solid phase (at 3650 K) and vice-
verse (at 3675 K). (Right panel: Buck model) Snapshots of the two-phase MD simulation in the NPT ensemble with 
T=3800 K and 3825 K. Other descriptions are similar to the left panel.

Table 2: MD calculated range  of  melting  temperatures  are compared with experimentally 
measured values available in the literature. 

Potential MD calculated temperature range (K) Experimental values (K)

Buck 3800-3825 3573±100 Wartenberg et al. [17]
3663±100 Benz et al. [18]
3651±17 Ronchi et al. [19]

BMM 3650-3675
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Table 2 shows Buck model predict overestimated MT range of 150 K compared to BMM model 
and MD calculated MT values are in reasonable agreement with experimentally reported values. 

 

CONCLUSIONS

This study  determines lattice thermal expansion (LTE), thermal conductivity (TC) (in the 
temperature range 300-2000 K) and melting temperature (MT) of ThO2 using classical molecular 
dynamic simulations considering two set of interatomic potential consisting of Coulomb-
Buckingham (Buck)  and Coulomb-Buckingham-Morse-Many body (BMM)  potential form. The 
MD calculated LTE of 10.29 x 10-6 and 10.61 x 10-6 K-1 using BMM and Buck potential, 
respectively, is slightly higher than the experimentally determined values (9.54 – 9.86 x 10-6 K-1). 
The MD calculated TC values, especially, in the high temperature range from 600 to 1200 K, our 
results accords very well with the experimental measurements by Bakker et al. [14], Touloukian et 
al. [12] and by Pillai et al. [15]. At the low temperature range around the Debye temperature of 
402 K, our results are slightly different from some experimental results as the difference comes 
from our presumption that the dominant mechanism for phonon scattering is the Umklapp process. 
The MD calculated melting temperature range of ThO2 using Buck and BMM potential model are 
3650-3675 and 3800-3825 K, respectively, and these values are in reasonable agreement with 
previous experimental values. 
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