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ABSTRACT  

Neutronic coupling is one the important core physics design consideration in power reactors. 

Engineered provisions like spatial control measures are made available when reactor core 

dimensions become large. Degree of neutronic coupling depends on many parameters including core 

dimensions, shape, fuel moderator combination, neutron spectrum etc. Indian advanced heavy water 
reactor core is a large sized, heavy water moderated, light water cooled reactor core which may lead 

to spatial instabilities due to neutronic decoupling.  Present study brings out the quantitative 

estimates of neutronic decoupling in AHWR core through evaluation of higher harmonics of neutron 
diffusion equation. It has been found that due to small H/D ratio, azimuthal modes of AHWRs are 

relatively more decoupled and prone to spatial instabilities under certain conditions.  
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INTRODUCTION  

Large sized nuclear reactors offer economic advantage of scale however these reactor cores are 

susceptible spatial instability issues due to their larger dimensions and require a dedicated spatial 
control system. Neutronic decoupling, a phenomenon in which different regions of the same reactor 

core may behave differently due to due to non-uniform spatially varying neutron multiplication 

effects has been identified as the fundamental cause of these spatial instabilities. Elementary 
approach to quantify the degree of neutronic decoupling phenomena has been the use of 

characteristic dimensions, i.e., by expressing the size of the reactor in terms of neutron migration 

length. Beyond certain threshold value of characteristic size, the core tends to behave in a decoupled 
manner. This approach provides a gross idea of neutronic decoupling however it does not reveal the 

finer even more important details of neutronic decoupling and its consequent effect on stability in 

any off normal situation.  To understand the phenomenon in detail, more sophisticated methods have 

come into vogue. One such method is Eigenvalue Separation (EVS) approach, where higher 
harmonics of the neutron flux derived from diffusion equation are evaluated and their relative 

influence on neutron flux tilt forms the basis of degree of neutronic coupling in the reactor core [1]. 

 
Apart from currently operating water cooled reactors, India plans to build innovative nuclear reactors 

including Advanced Heavy Water Reactor (AHWR), Prototype Fast Breeder Reactor, High 

Temperature Reactor and Molten Salt Breeder Reactor. Several design improvements based on the 

rich design, operating and regulatory experience of hundreds of reactor-years have been incorporated 
in the design of AHWR. Sustained use of in-situ thorium, a non-positive void reactivity, improved 

Doppler feedback coefficient over the entire cycle and a relatively hard neutron spectrum are few 

among others. These improvements have been aimed to help in overall safe and inherent stable 
behaviour of reactor core. Owing to its large core dimensions, Advanced Heavy Water Reactor core 

[2] may exhibit neurotic decoupling under certain condition, which could lead to spatial core 

instabilities.  Present study aims to understand the neutronic coupling aspects of AHWR core through 
EVS. Higher harmonics of neutron diffusion equations have been estimated using the method of 

mode subtraction. The eigenvalue separation for different modes has been calculated as a function 
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of core size. Separations of different harmonics and relevant modes of oscillations have been 
discussed.  

 

HIGHER HARMONICS, EVS AND NEUTRONIC DECOULPING  

Time and space distribution of neutron concentration in a nuclear reactor core can be studied by 
using neutron diffusion equation, which in operator form, can be written as,   
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where, A is destruction operator and B is 

the production operator. Other symbols in 

the equations carry their usual meanings. 

Time dependent neutron flux, 𝜙(𝑟, 𝑡, ) can 

be expressed [3] in terms of unperturbed 

neutron flux distribution, 𝜙0(𝑟) and its 

eigenfunction, 𝜓(𝑟) as,  

ϕ(r, t) = ϕ0(r) + Δϕ(r, t)          
where      

𝛥𝜙(𝑟, 𝑡) = ∑ 𝑎𝑛(𝑡)𝜓𝑛(𝑟 )∞
𝑛=1            

represents the deviation of neutron flux 
from steady state, 

𝑎𝑛 represents magnitude part of the 

eigenfunction and its value depends upon 
the magnitude of reactivity perturbations. 

The functions, 𝜓𝑛(𝑟 ) are based on higher 

harmonics of neutron diffusion equation. 

They could be any combination of 
trigonometric and Bessel’s functions etc.  

For cylindrical shape, these harmonics 

could be axial or azimuthal harmonics or 
mixed (Fig. 1).  Neutron flux, at any instant 

is the sum of fundamental mode and higher 

harmonics with different weightage. 

Therefore, 𝜙(𝑟, 𝑡, )  can be simply written as,  
 

𝜙(𝑟, 𝑡) = 𝑆𝑡𝑒𝑎𝑑𝑦 𝑠𝑡𝑎𝑡𝑒 𝑓𝑙𝑢𝑥 + 𝐶𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛  𝑜𝑓 ℎ𝑖𝑔ℎ𝑒𝑟 ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐𝑠 (𝐴𝑥𝑖𝑎𝑙 + 𝐴𝑧𝑖𝑚𝑢𝑡ℎ𝑎𝑙) 

Ideally, contribution of these higher harmonics should be fixed under all operating conditions to 
maintain non-varying transient power distribution in course of time. This can be made possible in 

small cores to a great extent however it is not possible in large sized cores. Therefore in large core 

design, efforts are made to minimize the contribution of higher harmonics to minimize degree of 

neutronic decoupling. In an operating reactor, neutron flux shape could get disturbed because of 
several reasons like insertion/removal of reactivity devices, asymmetric xenon effects and local 

reactivity feedbacks etc. The effect of such perturbations of similar magnitude is different for 

different size of reactors. This can be understood with the help of separation of eigenvalues of higher 
harmonics from fundamental mode, as explained in the following. 

 

It can be easily shown mathematically that EVS is inversely proportional to the square of the core 

dimensions, e.g., for a slab type reactor of thickness ‘𝑎’, separation of first harmonics (  𝜖1) can be 

approximately written as [3];  

  𝜖1~3 (
𝑀𝜋

𝑎
)

2

     

EVS is also related to the reactivity of higher harmonics with the following relation;   

 
Fig. 1: Schematic of Axial and Azimuthal Harmonics in a typical 

Cylindrical core of height H and Diameter D 
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  𝜖1~
𝜌1

𝜏
    

where τ is the magnitude of total induced flux tilt due to 𝜌1 amount of reactivity in first harmonic. 

Thus a large reactor core will have smaller EVS and will be more prone to flux and power distribution 
due to a given magnitude of asymmetric reactivity perturbation. In summary, EVS and nature of 

higher harmonics decides the degree of extent of neutronic coupling of a core in respective mode. 

Evaluation of eigenvalues for real core geometries is relatively a difficult job. In the present analysis, 
‘Method of Mode Subtraction’ (described below), has been used [1]. Solution of higher order 

eigenvalue equation of neutron diffusion equation is required for EVS evaluation. The nth order of a 

lambda mode eigenvalue equation, in operator form can be written as follows: 

𝐴𝜙𝑛 =
1

𝜆𝑛
𝐵𝜙𝑛        (n=0,1,2,3… )       

𝜙𝑛  is nth order eigen vector of higher flux mode, and  𝜆𝑛 is the corresponding eigenvalue.  One of 

the widely know method to evaluate higher flux modes is the method of mode subtraction which is 

also known as deflation method. In this method, higher mode flux is obtained through source 
iterations by removing already calculated lower order mode components from an initially assumed 

neutron flux distribution using simple power iteration method, That is,  

Aϕn
(m)

=
1

λn
(m-1) Bϕn

(m-1)
- ∑

1

λn
(m-1) Bϕn

(m-1)n-1
n=0 .

〈〈ϕn
+Bϕn

(m-1)
〉〉

〈〈ϕn
+Bϕn〉〉

  (n≥1)    

where  

𝜙𝑛
(𝑚)

 : nth order of higher mode flux in mth outer iteration 

𝜆𝑛
(𝑚−1)

: nth order of eigenvalue in mth outer iteration  

𝜙𝑛
+: nth order adjoint function   

Differential terms in the eigenvalue equation can be treated by either simple finite difference method 

(FDM) or by more refined nodal method. In the present work, FDM has been used. The higher mode 
flux is calculated with a finer mesh width than the fundamental mode, as distribution of higher mode 

flux spatially oscillates more widely between positive and negative values than that of a fundamental 

mode.  Though, this method is relatively tedious in terms of computational effort, but with present 
day powerful computers, it is possible to evaluate the first few harmonics in few minutes.  

 

RESULTS AND DISCUSSION  

Higher harmonics of AHWR core [2] have been estimated. One energy group, homogeneous core, 
equilibrium state, full power condition has been considered for neutron diffusion model. R-theta-Z 

geometry of cylindrical core has been considered. Flux convergence criteria of 10-8 and eigenvalue 

convergence criteria of 10-9 has been used for all harmonics. No acceleration schemes for inner/outer 
iteration have been used as they are not recommended for method of mode subtraction. Active core 

dimensions have been considered .i.e., neutron flux has been assumed to be zero at extrapolated 

active core height and diameter. Results of analysis i.e., nature and eigenvalue separation of higher 

harmonics and respective modes has been reported in Table 1. Analytical results reveal that first four 
harmonics are azimuthal in nature with a separation of about 1843, 1843, 4130, 4130 pcm 

respectively. Fifth harmonics is axial one with a separation of about 4410 pcm. Sixth harmonic is 

radial with EVS of 5380 pcm. This situation is quite different than present generation LWRs where 
first harmonics in most of the cases is axial one with a separation of about 1000 pcm and second one 

being azimuthal with a separation of about 1400 pcm (standard 1000 MWe PWR) [1]. This difference 

essentially can attributed to major difference in H/D ratio of both the core geometry. PWRs are 
generally designed for H/D ratio of about 1.1 whereas in case of AHWR, H/D ratio is about 0.5. This 

makes diameter significantly larger than height and consequently azimuthal harmonics EVS 

becomes smaller making reactor core relatively susceptible in azimuthal mode of oscillations 

compare to axial mode. Very small H/D ratio also separates axial and azimuthal harmonics wide 
apart with a separation of more than 2000 pcm between these two harmonics. This separation is less 

than 500 pcm in case of present water cooled reactors. This feature ensures that AHWR core will not 

undergo multimode oscillation under a given reactivity perturbation [1]. 
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Table 1. Higher harmonics, Modes and respective EVS in AHWR 

N
th

 
Harmonic 

*Flux shape Plane 
Eigen 

value 

EVS 

(pcm) 
Remark 

0 

 

B 1 - 

Fundamental 

Harmonic 

 

1 

 

B 0.98157 1843 

First azimuthal 

(Front to back) 

2 

 

B 0.98157 1843 

First azimuthal  

(Left to right) 

3 

 

B 0.9587 4130 

Second azimuthal 

 

4 

 

B 0.9587 4130 

Second azimuthal 
 

5 

 

A 0.9559 4410 

First Axial 

 

6 

 

B 0.9462 5380 

First radial 

 

*Refer to figure 1 for Plane A and B 
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CONCLUDING REMAKS  

Higher harmonics of AHWR core have been evaluated based on one energy group formulation of 

neutron diffusion equation using method of mode subtraction. Following can be concluded from 

analytical findings. 

 Small H/D ratio of AHWR leads to small EVS of azimuthal harmonics making core 

relatively more prone to spatial instabilities under azimuthal mode.  

 Separations of axial and radial harmonic are large, this ensures adequate magnitude of 

neutronic coupling in these modes.  

 Separation between axial and azimuthal harmonics is also significant. This ensures that core 

will not undergo multimode oscillation under a given asymmetric reactivity perturbation. 

 Based on absolute magnitude of EVS, AHWR is neutronically more coupled than 500 MWe 

PHWR or 1000 MWe PWR, but is less coupled than 220 MWe PHWR.    
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