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ABSTRACT 

Linear stability analysis of thorium fueled advance heavy water reactor (AHWR) has been carried 

out using frequency domain techniques viz., Bode plot and Nyquist plots. The Routh Hurwitz 
criterion has also been applied to assess the nature of poles of the characteristic equation. A 

theoretical model to study the neutronic stability of the AHWR has been developed and a closed-

loop transfer function of AHWR has been established, which involves the neutronics and reactivity 
feedback transfer functions. Analytical findings of the stability analyses using three different 

methods reveal that the neutronic behavior of the reactor is stable with sufficient stability margins.  
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INTRODUCTION  

India is developing the Advanced Heavy Water reactor (AHWR) as one of its initiative to utilize 
large scale thorium resources as part of its ambitious nuclear power program. A large number of 

design improvements have been incorporated over the present age PHWRs.Evaluation of system 

stability is integral part of overall reactor design and analysis. Present paper aims to bring out 
neutronic stability aspects of AHWR.  

An operating condition can be considered stable if the system reacts to external perturbations of 

small amplitude showing the tendency to converge towards the initial state. An unstable system 
tends to amplify external perturbations, diverging from the initial state.The dynamic behaviour of 

nuclear reactors in general, can be assumed to be linear for small deviations around steady 

operating condition. This makes it possible to study stability of AHWRs using locally linearized 

equations. Linear stability analysis can quantify the stability margin at operating conditions under 
small perturbations.It also provides estimates of the critical value of parameters (viz. reactivity 

coefficients) which affect the stability of the system. Stability studies have been performed using 

rector point kinetics equations with one group of delayed neutron precursors. Reactivity feedback 
has been accounted through dynamic power coefficient of reactivity. These equations have been 

linearized for small perturbations around steady state and transformed into frequency domain. 

Frequency domain techniques viz. Routh-Hurwitz criterion, Bode plots and Nyquist plot have been 

used for assessment of stability.Findings of all aforementioned techniques illustrate that relative 
stability margins for AHWR are well above prescribed limit. A few sensitivity studies with respect 

to reactivity coefficients and power levels have also be carried out which illustrate quantitative 

behavior of stability margins w.r.t. reactivity feedbacks.  
 

MATHEMATICAL MODEL  

Reactor Kinetcis Model  
The reactor has been modeled through point kinetics equations with one group of delayed neutron 

precursors as follows [2] - 

 𝑑𝑛

𝑑𝑡
=

𝜌 − 𝛽

𝛬
𝑛 + 𝜆𝐶 

(1) 

 



Thorium Energy Conference 2015 (ThEC15) 
October 12-15, 2015, Mumbai, India 

 

 
 𝑑𝐶

𝑑𝑡
=

𝛽

𝛬
𝑛 − 𝜆𝐶 

(2) 
 

The steady operating state (where neutron population and precursor concentration are 𝑛0 and 𝐶0 

respectively and reactivity ρ=0) can be obtained by equating the above equations to 0 i.e. 
𝑑𝑛0

𝑑𝑡
=

𝑑𝐶0

𝑑𝑡
= 0. If reactivity is perturbed from zero by small amount 𝛿𝜌, this causes the power and 

delayed neutron precursors to be perturbed by small quantities; thus: 

 𝑛 = 𝑛0 + 𝛿𝑛 (3) 

 
 𝐶 = 𝐶0 +  𝛿𝐶 (4) 

 

 Inserting (3)and(4) in equations (1) and (2) and using steady state condition, we get 
 𝑑[𝛿𝑛]

𝑑𝑡
= (

𝛿𝜌

𝛬
) [𝑛0 + 𝛿𝑛] + 𝜆𝛿𝐶 − (

𝛽

𝛬
) 𝛿𝑛 

(5) 
 

 𝑑𝛿𝐶

𝑑𝑡
= (

𝛽

𝛬
) 𝛿𝑛 − 𝜆𝛿𝐶 

(6) 
 

In equation (5), 
𝛿𝜌𝛿𝑛

𝛬
 is second order in small quantities and hence it may be neglected if 

perturbations are small. Thus above equations become 
 𝑑𝛿𝑛

𝑑𝑡
= (

𝛿𝜌

𝛬
) 𝑛0 + 𝜆𝛿𝐶 − (

𝛽

𝛬
) 𝛿𝑛 

(7) 

 

 𝑑𝛿𝐶

𝑑𝑡
= (

𝛽

𝛬
) 𝛿𝑛 − 𝜆𝛿𝐶 

(8) 

 

Taking Laplace Transform and applying steady state condition for δn and δC (i.e. δn(t=0) = 0, and 
(δC(t=0) = 0),we get – 

 
𝐺(𝑠) =

𝛿𝑛(𝑠)

𝛿𝜌(𝑠)
=

𝑛0(𝑠 + 𝜆)

𝛬𝑠 (𝑠 + 𝜆 +
𝛽

𝛬
)
 (9) 

 

 

Reactivity Feedback Model 

The feedback reactivity has been calculated through the use of the dynamic power coefficient of 

reactivity [1]. If α is the power coefficient of reactivity and 𝛥𝑃 is the incremental change in power 

and τ is the feedback time constant, then the feedback reactivity, 𝜌𝑓𝑏, can be calculated as 

 
𝜌𝑓𝑏 = ∫ 𝑘𝑝(𝑡 − 𝜆)𝛥𝑃(𝜆)𝑑𝜆

𝑡

0

 
 

(10) 
 

where, 𝑘𝑝(𝑡) = (
𝛼

𝜏
) 𝑒−(

𝑡

𝜏
)
, is the impulse response function of the reactor, 𝛥𝑃(𝜆) = 𝑃(𝜆) − 𝑃(0), 

𝑃(𝜆) is the power at any time 𝜆, and P(0) is the power at the time t = 0. Taking Laplace transform 
of equation (10) we get, 

 
𝐻(𝑠) =

𝜌𝑓𝑏(𝑠)

𝛿𝑛(𝑠)
=

𝛼

1 + 𝜏𝑠
 

(11) 

 

 

STABILITY ANALYSIS METHODOLOGIES  

The representative block diagrams of a typical reactor system in open and closed loop 
configurations are shown in figures 1 & 2 respectively. 
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Fig 1 Open Loop Block diagram of AHWR 

 
Fig 2 Closed Loop Block diagram of AHWR 

 

Bode Analysis 
The frequency response of a system is defined as the steady-state response of the system to a 

sinusoidal input signal. A Bode plot is a log-log plot of the magnitude (in dB) and phase of the 

transfer function versus frequency. It provides a sufficient condition for the closed-loop stability 
based on the properties of the open-loop transfer function. The phase margin is defined as the 

change in open loop phase shift required for making a closed loop system unstable[4]. The phase 

margin is the difference in phase between the phase curve and -180o at the point corresponding to 

the frequency that gives a gain of 0 dB (the gain cross over frequency,𝜔𝑔𝑐).The gain margin is 

defined as the change in open loop gain required to make the system unstable. The gain margin is 

the difference between the magnitude curve and 0 dB at the point corresponding to the frequency 

that gives a phase of -180o (the phase cross over frequency,𝜔𝑝𝑐). Systems with greater margins can 

withstand greater changes in system parameters before becoming unstable in closed loop. 
 

Nyquist Methodology 

A Nyquist plot is a polar plot of the frequency response function of a linear system. That means a 

Nyquist plot is a plot of the transfer function with 𝑠 = 𝑗𝜔. The complex number, 𝐺(𝑗𝜔) (reactor 

transfer function), depends upon frequency, so frequency is parameter if the imaginary part of 

𝐺(𝑗𝜔)is plotted against the real part of 𝐺(𝑗𝜔).  The phase margin and gain margin are given as 

 𝑃𝑚 = 180° + 𝑎𝑟𝑔 {𝐺(𝑗𝜔𝑐𝑔)𝐻(𝑗𝜔𝑐𝑔) (312) 

 

 
𝐺𝑚 = 20 𝑙𝑜𝑔 (

1

|𝐺(𝑗𝜔𝑐𝑝)𝐻(𝑗𝜔𝑐𝑝)|
) 𝑑𝐵 (13) 

 

Routh Hurwitz Stability Criterion 

The Routh Hurwitz criterion is a method for determining whether a linear system is stable or not 

by examining the locations of the roots of the characteristic equation of the system[4]. A necessary 
condition for stability of the system is that there is no sign change in the coefficients of the first 

column of the Routh table. 
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RESULTS  

The Core dynamics parameters which are used for stability analysis of AHWR are given in Table 

1. 

 

Table 1. Core Dynamic Parameters of AHWR 

Parameter Value 

Reactor power (MWth), no 920 

Decay constant for delayed neutron precursors (s-1), λ 0.064568 

Delayed neutron fraction , β 0.0030 

Prompt neutron generation time (ms), Λ 0.220 

Power coefficient of reactivity (pcm/MWth),α -0.706 

Feedback delay constant (s),τ 4 

 

 

Routh-Hurwitz criterion 
The first column of Routh’s array is shown in Table 2. 

(Where the characteristic polynomial is ∶   𝑎3𝑠3 +
𝑎2𝑠2 + 𝑎1𝑠 + 𝑎0 = 0) 
Since all the coefficients are positive i.e. there is no sign 

change, we conclude that the chosen system is stable. 

 

Bode Diagrams 
The Bode diagrams for the considered system are shown 

in Fig. 3.The margins required for satisfactory stability 

and transient response are reported in the literature [3] - 

𝑃𝑚 ≥ 35° 
𝐺𝑚 ≥ 8 𝑑𝐵 

 

 
Table 3.Stability Margins of Overall Control Loop Computed by Different Methods 

Core Configuration Bode Methodology Nyquist Method 

Gain Margin(Gm) in 

dB 
Infinite Infinite 

Phase Margin(Pm) in 

degrees 
108 108 

Stability stable stable 

 

It can be observed from all the results (Table 2 and Table 3) that for the considered values of 
neutronic parameters and reactivity coefficient, the reactor is stable. 

 

 

Table 2. Routh Hurwitz Test for Given 

Reactor Power 

Coefficient Value 

a3 4.0 

a2 55.8 

a1 43.08 

a0 1.91 
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Fig.3 Bode Plot of Overall Control Loop 

 

 

Nyquist Plot 

 

The nyquist plot for the system is shown in Fig. 4. 

 
Fig.4 Nyquist Plot of Overall Control Loop 
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Effect of Power Coefficient of Reactivity 
The Bode plots for the system for different values of power coefficient of reactivity are shown in 

Fig.5 and corresponding stability margins are given in Table 4. 

 
 

Fig.5 Effect of Power Coefficient of Reactivity 

 
Table 4. Stability Margins of Overall Control Loop Computed for different values of  

Power Coefficient of Reactivity 

Power 

Coefficient, α 
(pcm/MWth) 

Pole nearest to origin 

Phase 

Margin(Pm) 
in degrees 

Gain 

Margin(Gm) 
in dB 

Stability 

-0.706 -0.0469 108 Infinite stable 

-0.0706 -0.0119 99.1 Infinite stable 

-0.00706 -0.0013 90.9 Infinite stable 

-0.000706 -0.0001 90.1 Infinite stable 

 

From the values of poles and phase margins, it is clear that as the power coefficient becomes less 

negative, it results in decrease in the stability of the overall system and vice versa. 

 

CONCLUSION 

Linear stability analysis of AHWR has been carried out by using point kinetics reactor model with 

one delayed neutron precursor group. Reactivity feedback has been taken into account through 
dynamic power coefficient. These equations have been linearized and transformed into frequency 

domain and appropriate frequency domain techniques have been used for evaluation of stability 

margins. Phase margins and Gain margins obtained from Bode Plots and Nyquist plot establish 
stability of AHWR for the considered values of parameters. Routh-Hurwitz criterion also indicates 
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that the reactor is stable. Sensitivity studies with respect to the power coefficient of reactivity 
reveal that Phase margins (hence inherent stability) improve with increase in the magnitude of 

power coefficient and vice-versa. 

 

NOMENCLATURE 
 

C  Precursor concentration 

C0 Steady state precursor concentration 
Gm  Gain Margin(dB) 

n Reactor power(MWth) 

no Steady state power(MWth) 
P Reactor Power(MWth) 

Pm  Phase Margin(degrees) 

α Power coefficient of reactivity (pcm/MWth) 

  Total delayed neutron fraction 

ω Frequency(rad/s) 

  Decay constant of precursor group (s-1) 

  Prompt neutron lifetime(ms) 

  Reactivity(mk) 

τ Feedback delay constant (s) 
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