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Lecture 8: Kinetics, dynamics and noise analysis of the TMSR
8.1 Introduction
Molten Salt Reactors (MSR) differ from the traditional solid fuel reactors what regards their dynamic response to
operational changes or disturbances. As it will be shown, the movement of the delayed neutron precursors in the
core changes (enhances) the spatial neutronic coupling within the core as compared to an “equivalent” solid fuel
reactor, which naturally influences the space-time behaviour of the system. The time duration which the delayed
precursors spend in the core and in the outer loop, respectively, influences the neutron balance in the core, and hence
also the dynamic response. Changes in the fuel velocity affect the criticality, and even small fluctuations of the
velocity, including turbulence, might induce small neutron fluctuations. Further, similarly to how the propagation of
temperature and density fluctuations in the coolant of a PWR, and two-phase flow in a BWR induce measurable
neutron noise, similar perturbations (temperature fluctuations, void), as well as propagation of small
inhomogeneities in the spatial distribution of the fuel concentration, the fission products and the delayed neutron
precursors, will all lead to measurable neutron noise in an MSR. It is expected that similarly to traditional reactors,
this neutron noise can be used for diagnostics and surveillance of the reactor status.
In this Section the kinetics, dynamics and neutron noise in an MSR will be treated in an utterly simple model of
an MSR: a one-dimensional homogeneous bare system in one-group theory. The advantage of studying such a model
is that it allows compact, closed form analytical solutions and hence a good insight into the physics and neutronic
behaviour of such systems, while still retaining the key ingredients of the physics. In addition, for enhanced insight,
in such models some further simplifications can also be made, such as the limiting cases of very high or very low
fuel velocity, which further enhances the possibilities for insight and mathematical simplicity. As will be seen, such
a simple model, and the considerations it allows, will be beneficial even for the solution and interpretation of the
static case.
Apart from simplifications in the model of the MSR, it is also common in reactor physics to use the so-called
kinetic approximations in order to simplify the mathematical treatment and to lend increased insight. These include
the point kinetic, the adiabatic and the quasistatic approximation. It is an interesting aspect of the moving fuel
reactors that the application of the simplest of these, the point kinetic approximation, turns out to be much more
problematic than in solid fuel reactors. Simply expressed, point kinetics assumes a factorisation of the space-time
dependent quantities into a purely time-dependent factor and a purely space-dependent function, which is impossible
for a propagating quantity. On the other hand, knowledge of the point kinetic component of the neutron noise is
important for both insight and for designing diagnostical procedures for the extraction of information on the
disturbances from the measured neutron noise. Hence a subsection will be devoted for the problem of determining
the point kinetic component of the noise in an MSR.
The above property is also related to another fundamental difference between the traditional (solid fuel) reactors
and an MSR. In reactor physics, the existence of an adjoint operator and adjoint function (neutron importance) plays
a central role. For instance, for the derivation of the point kinetic approximations, the adjoint flux is used. In
traditional reactors, in one-group diffusion theory, the governing equations are self-adjoint, and the direct and the
adjoint flux are equal, which simplifies the situation. However, in molten salt systems, due to the directed flow of
the molten fuel, not even one-group diffusion theory is self-adjoint, hence the adjoint operator needs to be
constructed to calculate the adjoint flux.
This chapter is Section to the derivation and the solution of the dynamic and noise equations in an MSR, and a
discussion of the above points. After the interpretation of the properties of the model and the limiting cases for the
static equations, the non self-adjoint property of the MSR will be shown, and the adjoint equations are constructed.
Thereafter the kinetic and dynamic response of the reactor is derived by calculating the space-frequency dependent
neutron fluctuations (neutron noise) induced by small stationary perturbations of the system parameters. The
motivation for this study comes from the fact that noise analysis has been pursued with much success in traditional
systems since many decades, and it is envisaged that the technique has similar potentials in molten salt systems. To
facilitate the insight of the general use of noise diagnostics, a subsection is devoted to briefly summarize the history
and development of power reactor noise with a list of various applications in operating traditional light water
reactors, together with the main principles of noise analysis. After that, the dynamic transfer function of molten salt
systems is derived, and its properties discussed as functions of the frequency, system size, and fuel velocity. The
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validity of the point kinetic approximation is investigated, and the point kinetic component of the noise in an MSR is
calculated. Finally, the properties of the neutron noise, induced by various perturbations propagating with the
circulating fuel, are calculated and discussed.
The material of this chapter is heavily based on Chapter 5 of the relatively newly published book “Molten Salt
Reactors and Thorium Energy”, Ed. Thomas Dolan, Woodhead Publishing Series in Energy, Elsevier, 2017, by the
authors of this Section. In the above mentioned Chapter more details and cases are found, such as the treatment of a
spatio-temporal transient at the start-up of the fuel circulation. The subsection on noise analysis in traditional
systems is based on the review article by Pázsit and Demazière [1] and the lecture notes [2] by the same authors.
8.2 The MSR model
We assume a homogeneous unreflected slab reactor with one axial dimension along the axis (Fig. 8.1). The flow of
the fuel is also assumed to take place along this direction. The extrapolated system boundaries will lie at
and
, where thus the flux will vanish. We use one-group diffusion theory, and one average group of delayed
neutron precursors will be assumed. The fuel, flowing axially with a velocity , will be lead back from the core
outlet at
to the core inlet at
through loop of length . The total length of the recirculation will be
thus
. The corresponding transit times will be denoted as
for the passage through the core,
in the external loop, and
for the total recirculation time. These assumptions are similar to
those used in other studies [3], and pursued by several groups [4, 5].

Figure 8.1: A simple one-dimensional model of an MSR system.
Actually, in a real MSR, the fuel velocity within the core and in the outer loop will unlikely to be equal.
However, for convenience, a real MSR with a fuel velocity different from the core velocity in the core, in an outer
loop
can be re-scaled such that one artificially chooses the loop length to be
, such that the real
outer recirculation time
will be maintained.
It may be worth to mention already now that sometimes, and in particular in the cases when one has symmetry
(e.g. with
and
, the latter will be discussed soon), it is practical to choose another coordinate system
with spatial coordinate , whose origin is in the middle of the reactor. In this case the core boundaries will lie at
, and obviously one has
.
With these preliminaries, the equations that govern the MSR will read as
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(8.1)
(8.2)
Regarding the boundary conditions, the flux is assumed to disappear at the extrapolated boundaries:
(8.3)
However, unlike for traditional systems, where one does not need to specify any boundary conditions for the nonmoving precursors, it is necessary to specify boundary conditions for an MSR due to the streaming of the fuel and
hence that of the precursors. In a traditional system the precursor density would also vanish at the extrapolated
boundary; however, the same condition cannot be prescribed in the MSR. Due to the flow, precursors generated in
the whole volume of the core will leave on the exit, and will return to the inlet (diminished by the decay during the
travel time). Hence the precursor density will not be zero at the boundaries. The only condition one can set is that
the number density of delayed neutron precursors at the inlet is the same as that at the outlet with a time
earlier, but decreased by the decay during this time:
(8.4)
Even if the notion of the extrapolated boundary is a conceptual one, and one does not assume the flux physically to
vanish at the extrapolation point, one might still discuss whether it is physically sound to treat equations even
formally where the flux is zero and the precursor density is different from zero. However, it is easy to confirm that
these boundary conditions lead to physically sound results. One way of doing this is to replace the zero boundary
condition at the extrapolated boundary with logarithmic boundary conditions at the physical boundary. Such an
investigation was performed in [6] and the results showed a negligible quantitative difference. Hence in the
continuation the above boundary conditions will be used.
8.3 The static equations
The static equations read as
(8.5)
(8.6)
with the boundary conditions corresponding to the stationary form of (8.2) which read
(8.7)
Here, in addition to the streaming term for the precursors in Eq. (8.7), there is another crucial difference as
compared to traditional static fuel reactors. Namely, in the latter, the delayed neutron precursors do not appear in the
critical equations. This is always the case in one-group theory, whether one considers the transport equation or the
diffusion approximation; and in energy dependent cases it is still the case as long as the energy spectrum of the
delayed neutrons is assumed to be equal to that of the prompt neutrons. As was noted already in [7], in the case of an
MSR, the delayed neutron precursors appear explicitly even in one-group diffusion theory, and cannot be eliminated
from the static equations.
8.3.1 The adjoint property
Before continuing with the solution of this equation, it is worth taking a small deviation regarding an interesting
property of the MSR equations. It is known that the transport equation, or the multigroup diffusion equations are not
self-adjoint, but the one-group diffusion equations are self-adjoint. Not surprisingly, it turns out that in the case of an
MSR, not even the one-group diffusion equations are self-adjoint (at finite fuel velocities). Similarly to the neutron
streaming term of the diffusion equation, the reason of non-adjoint property here is the streaming term of the
precursors, i.e. the left hand side of Eq. (8.6). Put it in a different way, the reason is the directed flow of the fuel in
the core, which is not invariant for time reversal.
To show the non-adjoint property and to show how the adjoint equation can be constructed, it is practical to
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write equations (8.5) and (8.6) in matrix form

(8.8)
where the matrix

and the vector

arbitrary flux function

are defined by the first equality. Then, it is easy to see that with an

one has
(8.9)

where the brackets indicate integration over the core, i.e.

(8.10)
Except the convection term for the precursors, all other terms give equal contributions on the two sides of (8.9).
Similarly to the case of the transport equation, in order to construct the adjoint equation and the adjoint flux, it
is not sufficient to construct an adjoint operator; one also needs to specify boundary conditions for the adjoint flux
(in the present case for the precursor densities). Hence we seek a matrix
and corresponding boundary conditions
for the adjoint

such that
(8.11)

From considering that the adjoint equation is related to time-reversal, the adjoint operator can be written as

(8.12)
whereas the boundary condition for the adjoint precursors will now read as
(8.13)
It is easy to prove that with this construction, Eq. 8.11 holds. It is seen that the terms resulting from the offdiagonal and constants elements are equal, only the convection terms need to be checked. Taking the difference
between the terms from the two sides of Eq. 8.11, one has

(8.14)
This proves that the adjoint property is fulfilled by the operator (8.12) and the boundary conditions for the adjoint
precursor density (8.13).
It also interesting to notice one major difference between the construction of the adjoint for the MSR as
compared to the transport equation of traditional reactors, because it will have a bearing on the derivation of the
point kinetic equations. In the transport equation, the construction of the adjoint incurs reversing the neutron
velocity vectors, and specify different boundary conditions (in angle) at the same place and at the same time. As is
seen from Eqs (8.7) and (8.13), the direct and adjoint boundary conditions are relating the precursor densities at
different place and different time (here, expressed by the decay terms). In the static case, this does not cause a
problem since both the static and the adjoint precursor density is time-independent. However, as is seen from (8.4),
in the time-dependent case the boundary conditions relate precursor densities at one place to another one at a
different time and place, which will destroy the possibility of constructing a proper adjoint equation in the dynamic
case. This point will be revisited later when discussing the point kinetic approximation.
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8.3.2 Interpretation of the equation and some limiting cases
Similarly to the traditional systems, the equation for the precursor density can be solved to express
with
, and one can derive an integro-differential equation for solely the flux. By integrating (8.6) one finds that

(8.15)
where it is worth noting that only the full recirculation time
equation for the static flux in the form

appears. Hence one has a single integro-differential

(8.16)
As it is seen, due to the indefinite integral in the last term, the characteristic equation is of third order, making
fully analytical solutions possible. However, before setting out for solving Eq. (8.16), it is worth analysing Eq.
(8.15) in some detail. By expanding the fraction multiplying the first integral on the r.h.s. as
(8.17)
and slightly rearranging, one obtains

(8.18)
This equation is suitable for an insight-giving interpretation. The second integral on the r.h.s. expresses the fact that
all precursors generated at a rate
, between the core inlet and the observation point , that is in all
points
, will give a contribution to the total density at , the exponential factor taking care of the decay
due to the time
it takes to get from
to . The factor
only corresponds to
. These
precursors were hence generated in the last (“just actual”) recirculation cycle. The infinite sum of the integrals in the
first term on the r.h.s stands for a similar expression, but it is due to the precursors which were generated anywhere
in the core with one, two, etc. full recirculation cycles earlier.
Hence it is seen that in Eq. (8.16), the first integral corresponds to the multiply recirculated precursors, whereas
the second one to the precursors which are “freshly” generated, and have not recirculated yet. This form also lends
the possibility of introducing two different further simplifications which can be interpreted on physical terms, out of
which one leads to exceptionally simple formulae that are also useful in the dynamic case.
8.3.3 The case of no recirculation
This case is only conceptually interesting, because it does not lead to much simplification in mathematical terms.
Assuming that the outer loop is infinitely long, so that all precursors decay before returning to the core, such that
, the first integral vanishes, and the equation simplifies to
(8.19)
This equation could also have been obtained directly by simply setting
. Although in some practical cases
it might prove a good approximation, from the calculational point of view, it does not bring much improvement.
Despite the simplification in the form of the equation, its characteristic equation is still of third order. The properties
of such solutions were compared in [6] with those where recirculation is significant, just in order to quantify the
difference for various magnitude of recirculated precursors, depending on the recirculation time. This simplification
will not be considered in the continuation.
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8.3.4 The case of infinite fuel velocity
A much more interesting conceptual case is to consider high fuel velocities, in the limit of
, which entails
then
and
with being the total recirculation length
. Performing the limit, from (8.16) one
obtains

(8.20)
Formally, the limiting procedure means that as the velocity increases, less and less precursors decay before returning
to the core, and this leads to the dominance of the contribution from the multiply recirculated precursors (the first
integral in (8.16)) over the precursors generated in the current cycle (the second integral). This happens when
, i.e. the precursor decay during one recirculation cycle is negligible. This is not a completely unrealistic
assumption. The results obtained by this approximation are therefore useful because they correspond to realistic
cases reasonably well, whereas their solution is much simpler and transparent than that of the finite velocity case.
Also, along with the case of zero fuel velocity (i.e. traditional reactors), it represents the other extreme of the scale
of different fuel velocities (and similarly to the static fuel case, the equation is self-adjoint).
It has also to be added that when
, the traditionally used MSR equations break down, in principle. This
is since the flow of the fuel should require the presence of a streaming term also in Eq. (8.5) in the form [8]

where stands for the neutron velocity. Since in practical cases
, this term is usually neglected. However, it
is easy to confirm by quantitative calculations that the static and kinetic behaviour of an MSR is practically the same
at rather moderate velocities, such as
cm/s as what one obtains from the equations with
,
which justifies the use of this approximation for conceptual studies.
Equation (8.20) has an extremely simple solution. Since in this case both the static flux and the precursors are
symmetric around
, it is practical to change the space variable to
means that the system boundaries will lie at
instead of 0 and
reads as

, which, as mentioned earlier,
. In this coordinate system the solution
(8.21)

where
(8.22)
Since the static equation is homogeneous, the factor will remain arbitrary, but (8.21) with its argument (8.22)
must fulfil the criticality condition to be a true solution. This condition can be obtained by putting (8.21) into (8.20).
This shows that the solution has to fulfil the condition
(8.23)
where the notation
(8.24)
was introduced. Performing the integration yields the criticality equation
(8.25)
Also, as is easily obtained from (8.3.2), one finds that the distribution of delayed neutron precursors is constant in
space:
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(8.26)
which is expected from physical intuition. Here in the second equality the form of the initial flux from Eq. (8.21)
and the criticality equation (8.25) were utilised. It is thus seen that, similarly to a core with a static fuel, i.e. for
, both the static flux and the delayed precursor density are symmetric around the origin, although the
distribution of the precursors with moving fuel is very different from the case with a static fuel.
Some further interesting insight can be gained by considering the case of the infinite external loop, i.e. when
, by keeping the core size
constant. Physically, since in this case
0, the fraction of the
precursors that decay in the core, and indeed the precursor density itself everywhere in the loop tends to zero, one
must have
, which is confirmed by (8.26). This also means that core must be critical only based on the
prompt neutrons. This is indeed seen from Eq. (8.25), which shows that one must have
, i.e in this
case the MSR with moving fuel must have the same buckling as a traditional reactor of the same size. If the
absorption cross sections of the two reactors are the same, this means that, by virtue of (8.22), the MSR must have a
higher fission cross section. For finite values, some of the precursors will decay in the core, hence a lower fission
cross section is sufficient to keep the MSR critical, hence the buckling will be smaller than in the equivalent
traditional core. This is generally valid also for finite fuel velocities.
8.3.5 The full solution
The full equation (8.16) can be solved by seeking the solution in form of expansion into the eigenfunctions of a
traditional reactor with stationary fuel, i.e. in the eigenfunctions of a simple Helmholtz equation. This method
converges fast, and is practical in quantitative work, hence it was used in several publications [3, 9]. However, the
equation can also be solved in a compact analytical form, as first suggested in [10]. The same method can also be
used in the time- and frequency-dependent calculations described in the forthcoming. Hence the principle of the
calculations is briefly described here.
The closed analytical solution of (8.16) is obtained as follows (for the details we refer to [6]). By differentiating
once with respect to and rearranging, one obtains a simple linear differential equation with constant coefficients in
the form

(8.27)
or, equivalently,
(8.28)
with
(8.29)
(8.30)
and
(8.31)
Here,
is equal to
times the static buckling of an equivalent traditional reactor with static fuel. The
characteristic equation is a third order polynomial in the variable (inverse length) obtained as
(8.32)
Hence the characteristic equation has three roots. One can show that one root is real, and the other two are complex

TMSR EDUCATION – POWERING THE WORLD

LECTURE 8

Page | 10
conjugates. In view of this, the solution can be written in the form
(8.33)
Of the three unknown coefficients, two can be eliminated by using the boundary conditions of vanishing flux at
and
, whereas substituting the resulting form, containing only one undetermined coefficient, will
supply the criticality condition. Once the flux is found in an analytical form, the precursor density can easily be
derived through (8.15).
8.3.6 Alternative solution of the MSR equations
An equivalent, alternative way of solving the MSR equations is to solve the coupled differential equations for the
flux and the precursor density, without eliminating the delayed neutron precursors. This solution method, similar to
the treatment of the two-group diffusion equations of a traditional system, brings out the different spatial behaviour
of the flux and the delayed neutron precursors in an MSR in a more transparent way than the method used above.
Then one starts with the matrix equation

(8.34)
The solution of this third order differential equation can be written in the form

(8.35)
where the roots

are determined from the equation

(8.36)
This characteristic equation, apart from having been multiplied by a factor
factors are determined by inserting the solution into (8.34), yielding

, is exactly the same as Eq. 8.32. The

(8.37)
Two of the three amplitudes
and the criticality equation are derived from the boundary conditions for the
flux and the precursor density, respectively, leaving the amplitude of the solution undetermined.
Even without possession of a concrete solution, Eq. (8.35) shows that, since for
the
are all different,
the space dependence of the delayed neutron precursors is different from that of the static flux. This form is also
suitable for deriving the solution with infinite fuel velocity. Taking the limit of Eq. (8.36) shows that one has
(8.38)
and thus
(8.39)
and further
(8.40)
Switching again to the coordinate system with origin at the reactor centre and boundaries at
condition of zero flux at the extrapolated boundaries yields for the amplitudes

, the
(8.41)

or
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(8.42)
which are identical with (8.21) and (8.26).

Figure 8.2: Flux (a) and delayed neutron precursors (b) calculated with vanishing extrapolated flux boundary
conditions, for several fuel velocities. Results are shown only for the physical size of the reactor.
8.3.7 Quantitative results
Quantitative results are shown here for one core size with H = 300 cm, and extrapolation distance of 10 cm,
corresponding to a power reactor. Following [3], the numerical values used in this paper correspond to a traditional
U-fueled thermal system (the numerical data are shown in Table 8.1). The value of the neutron velocity was
artificially chosen to have
, where
, which is the customary value of the break
frequency of the zero power reactor transfer function
in LWRs (more on that in sections 8.4 - 8.6).
Calculations were made with different fuel velocities. Fig. 8.2 shows the neutron flux (upper figure) and the
delayed neutron precursors (lower figure) in a large reactor, with different fuel velocities. Results are shown only for
the physical reactor size, but not for the extrapolated boundary region. It is seen that the originally symmetric,
cosine-shaped flux, which is symmetrical around the origin, gets distorted with increasing fuel velocities, the
maximum being shifted towards the exit. At high velocities, when
, the flux shape becomes symmetric
again.
The spatial distribution of the precursors changes much more significantly. For zero and low fuel velocity, the
distribution is similar to that of the static flux, with a maximum at or close the core centre. With increasing liquid
fuel velocities the maximum gets shifted towards the core exit, and at high velocities the maximum shifts all the way
up to the core exit, such that the spatial dependence becomes monotonically increasing, before at ultra high fuel
velocities it flattens out to approach the spatially constant distribution in the limit of
.

Parameter

Value used
50/300 cm
100/400 cm
0.33 cm
0.01 cm
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0.0065
0.1
Table 1: System parameters used in the calculations
The character of these results depends though partly on the effective delayed neutron fraction, which in the present
calculations corresponds to a thermal system using U-235. By extrapolating the results of [3], in an MSR containing
thorium of minor actinides with a smaller value of , the effect of the velocity on the static flux shape will be
smaller.
The above shown non-monotonic change of the shape of the static flux, and the corresponding change in the
dynamic transfer function can be interpreted in simple terms. Starting with an MSR with static fuel and turning to
static MSRs in equilibrium but with increasing fuel velocities, at low fuel velocities all delayed neutron precursors
which leave the core will decay in the external loop. This leads to a loss of reactivity and a spatial asymmetry in the
flux and the precursor distributions. This tendency is monotonic up to a certain fuel velocity, when the return of the
precursors to the core via recirculation starts to become significant. This will counteract the asymmetry in the flux,
hence the non-monotonic shape change. As it was discussed in Ref. [4], this will also lead to a non-monotonic
behaviour in the fraction of the precursors that will decay in the core as compared to the total number of decays in
the core and the external loop together.
However, as discussed in [7], the dependence of the reactivity loss due to the recirculation on the fuel velocity is
more involved. In addition to the fraction of the precursors which decay in the core, another contributing factor is
the change of the importance function. As is seen in Fig. 8.2, the difference between the space dependence of the
neutron flux and that of the precursors increases monotonically with increasing velocity. This indicates that with
increasing velocity, most neutrons will decay at a place with a different importance than the place they were born. In
practical cases this means that the dependence of the reactivity loss increases monotonically with increasing fuel
velocity, as seen in the quantitative results in Refs [3] and [7].
8.4 Neutron fluctuations in an MSR
In what follows, the dynamic response of an MSR core will be investigated to small stationary perturbations. In
particular, the properties of the space-dependent temporal fluctuations of the neutron flux induced by small
perturbations in the core, which is usually termed as neutron noise, or power reactor noise, will be calculated. As is
known from the practice of traditional (mostly light water) reactors, power reactor noise is used a an effective
diagnostic tool for monitoring and surveillance.
A naturally arising question is why neutron noise and neutron noise diagnostics, i.e. the use of the neutron noise
to characterise the status of th system, is interesting at all in a molten salt system, since we do not have any
operational experience with such systems yet. The answer is that this is simply a result of extrapolation. Namely, as
it will be described in the following subsection, neutron noise diagnostics has proved to be a very effective tool for
surveillance of the operation of the existing reactors. The neutron noise, induced by various physical and
technological processes, carries a wealth of information. This information can be used both for the early detection,
identification and quantification of various malfunction and anomalies occurring in the core, as well as for
determining and monitoring operational parameters in the normal state, such as reactivity coefficients, system
stability etc. And due to the inherently generated nature of the neutron noise, the above tasks can be performed in a
non-intrusive way, i.e. without forcing external changes on the reactor. It is obvious that neutron noise diagnostics
has the same potential of anomaly detection and parameter estimation in MSRs as in traditional systems.
However, the dynamical transfer properties of the system, which determine the properties of the neutron noise
for various perturbations, will be different from those in traditional systems, due to the different neutron physical
properties of the two different systems. It is therefore interesting to explore the properties of the neutron noise in
MSR. But before doing it, for the sake of readers not specifically familiar with neutron noise diagnostics, the history
and the evolution of power reactor noise diagnostics will be briefly summarised, as well as a number of selected
applications will be shown. (For a general overview of the theory and practice of neutron noise theory in traditional
systems, see [1] and [2], and for a nice collection of applications the reader can consult Ref. [11]).
8.4.1 The history and application of power reactor noise in traditional reactors
Power reactor noise deals with neutron fluctuations that are induced by fluctuations or oscillations of the reactor
properties, i.e. displacement of core components, temperature or density variations, etc. It is clear that any temporal
change in the reactor composition manifests itself as changes of the corresponding cross-sections. These changes are
called “perturbations”. The cross sections are, in turn, coefficients of the pertinent transport or diffusion equations.
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Time-dependence of the cross-sections will naturally lead to the time-dependence of the neutron flux, which is in
addition space-dependent. Most often the changes in the cross-sections are due to processes that are themselves
random in character: turbulent one- or two-phase flow, boiling, flow induced random vibrations, etc. Hence the
induced neutron flux variations will also become random processes in time, with a deterministic, or sometimes
random space-dependence (when the perturbation is random in space). One talks about space- and time(frequency-) dependent neutron noise in power reactors, or about power reactor noise in short. The use of the
neutron noise, by unfolding the noise source properties from the measured neutron noise and by knowledge of the
effect of the perturbations on the neutron noise (i.e. through knowledge of the reactor transfer function), is called
neutron noise diagnostics.
The origin of neutron noise theory can be traced back to the reactor oscillator experiments performed at the “
Clinton Pile” in Oak Ridge. The Clinton Pile was the nickname of the first “real” reactor, the Graphite Reactor or X10 reactor. It was built already in 1943 (after Fermi’s first reactor in Chicago, 1942) in what is today called the Oak
Ridge National Laboratory (ORNL). Neutron fluctuations, or rather just periodic oscillations of the neutrons field,
were first induced artificially in this reactor by so-called “pile oscillator” experiments. At that time these
experiments were not about reactor diagnostics, rather just investigations of nuclear physics data (measurement of
cross-sections). Various samples were moved back and forth inside the core periodically, and the goal of the
measurements was to determine thermal absorption cross-sections of the various elements. This was achieved by
measuring the amplitude of neutron oscillations and comparing it with measurements with samples of known crosssections.
Later it was observed in the Oak Ridge Research Reactor (ORR) and the High Flux Isotope Reactor (HFIR) that
anomalous vibrations of control rods could be identified from the frequency spectrum of in-core neutron detectors
[12]. In measurements performed in the HFIR, suddenly a peak appeared at 5-6 Hz. The reason for this peculiar
frequency-dependence was that a ball bearing to one of the control rods had been broken and the control rod started
excessive flow-induced vibrations with this eigenfrequency. A change of the neutron noise spectrum as a
consequence of the control rod vibrations is shown in Fig. 8.3.

Figure 8.3: Change in the HFIR neutron fluctuation spectrum as a result of a rod bearing failure during fuel cycle
15. From Ref. [12].
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This event made it clear that it was possible to obtain information about unwanted or unexpected changes or
anomalies in the core by measuring and analysing in-core or ex-core neutron fluctuations. Although both the reactor
oscillation measurements, as well as the observation of the control rod failure were made in research reactors, it was
obvious that the same method can be applied for diagnostics and surveillance of high power commercial reactors.
This is how the concept of neutron noise diagnostics was born.
Indeed, it did not take long before similar observations were made in operating power plants. It was observed in
the Palisades PWR plant (USA) that pendulum-type vibrations of the whole core-barrel and its support could be
detected by ex-core neutron detectors. A schematic view of the core barrel inside the pressure vessel, the position of
the ex-core detectors, and an illustration of the core-barrel vibrations and the detector signal changes is shown in a
horizontal cross section of the core in Fig. 8.4. The effect of the vibrations in the ex-core neutron spectra is shown in
Fig.8.5. The peak around 8 Hz corresponds to the pendular (beam mode) vibrations, whereas the peak at 20 Hz is
due to the shell-mode vibrations. The characteristics of the beam-mode and shell-mode vibrations as illustrated in
Fig. 8.6.

Figure 8.4: A schematic view of the core barrel vibrations and the induced changes in the detector signals

Figure 8.5: Spectra from ex-core detector signals from a measurement made at the Swedish Ringhals-3 PWR (the
beam-mode and shell-mode components are shown separately).
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Figure 8.6: Illustration of the beam- and shell-mode core-barrel vibrations (the ex-core detectors are shown as squares
with the numbering N4X, X = 1..4).

Excessive control rod vibrations, representing an anomaly, were also observed in power plants. Such a case
occurred in the Hungarian Paks-2 PWR in 1984. The excessively vibrating control rod was identified (localized)
from neutron noise measurements taken by 3 in-core detectors at different radial positions. An illustration of a
horizontal cross section of the core layout, with the positions of the three in-core detector strings, the seven rods of
the control rod bank partially inserted to the core, and the position of the excessively vibrating rod is shown in Fig.
8.7.

Figure 8.7: Core layout of the Paks-2 PWR with the locations of the in-core neutron detectors and the rods of the
partially inserted control rod bank
Another case of localising a perturbation is that of local BWR instabilities (channel-type instabilities). Usually,
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the instability (local oscillation of the two-phase flow parameters) is the consequence of an improperly seated fuel
element. It is easy to detect the thermo-hydraulical instability from the oscillations of the neutron flux, but the
relevant question is to find the unseated element, i.e. its position. Here a kind of triangulation procedure can be
applied, similar to that of the localisation of the vibrating control rod. Such a local instability occurred in 1996 in the
Forsmark-1 BWR in Sweden, and the approximate position of the unseated fuel element was determined by neutron
noise methods (Fig. 8.8.)

Figure 8.8: Result of the localisation algorithm in the Forsmark-1 case (local instability event). The unseated fuel element
is marked with a square, and the noise source identified by the localisation algorithm with a circle; the detectors that were
used in the localisation search are marked by white crosses, whereas the detectors that were not used are marked by black
crosses.

Yet another application of power reactor noise is the determination of the properties of two-phase flow, mainly
steam velocity, in boiling water reactors (BWRs). In 1974, German measurements in BWRs showed a linear phase
of the coherence between two detectors in the same detector tube (i.e. in the same radial but different axial
positions), showing the velocity of the two-phase flow [13]. An illustration of the linear phase of the crosscorrelation between two detectors axially above each other at the same radial point is shown from measurements in
the Swedish Barsebäck power plant in Fig. 8.9
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Figure 8.9: Coolant velocity measurements in a BWR by in-core noise measurements (Barsebäck, Sweden, now
phased out). The slope of the phase is proportional to the transit time of the flow between the corresponding detector
pairs. In the upper part of the core the flow velocity is higher, hence the transit time, as well as the slope of the
phase, is smaller.
The same possibility of measuring flow velocity of the coolant from cross-correlations between in-core neutron
detectors at the same radial but different axial positions exists also in PWRs. Here, however, the perturbation is
much smaller: instead of bubbles, i.e. lack of moderator in a finite volume, only the small local temperature
fluctuations of the coolant induce the neutron fluctuations, which have thus a much smaller amplitude than in the
case of BWR in-core noise. However, with an ingenious application of signal analysis, which removes the
contributions of competing noise from other processes, the flow velocity can be determined from PWR in-core
neutron noise measurements. Such an example from measurements in the Paks-2 PWR is shown in Fig. 8.10. The
measurements showed a skew flow velocity distribution in the core, which was due to a decrease of the flow cross
section as a consequence of deposit on the surface of fuel pins.
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Figure 8.10: Asymmetric velocity profile in the core of Paks-2 (from [14]).
There are numerous other applications of neutron noise diagnostics in operatig power reactors. Vibrations of incore detector strings in BWRs were detected and quantified by neutron noise methods. The neutron noise is also
used to measure the moderator temperature coefficient of reactivity, the stability of Boiling Water Reactors (BWRs),
and in general for detecting any anomaly at an early stage through the change of the neutron noise spectra.
The process of neutron noise diagnostics consists of first constructing a simple model of the noise source under
investigation which contains only a few parameters to be determined, calculating the induced noise through
calculating the dynamic transfer function of the system, and constructing an inversion procedure by which for the
measurements of the neutron noise, one can unfold the searched parameters of the noise source (perturbation). The
underlying theory and methods will be briefly illustrated in the next subsection. For more details we can refer the
reader to a few monographs, conference proceedings and review articles, such as [15, 1, 16, 17, 11]. Another useful
source of information is the proceedings of the eight SMORN symposia held so far in the field, several of which
were published in Progress in Nuclear Energy. These can be found at the OECD NEA web site [18].
8.4.2 Principles of power reactor noise
Starting with a critical reactor with time-independent cross sections, any change of the cross sections will lead to
changes of the neutron flux in space and time. These changes will occur irrespective if the change of the cross
sections is a random process or a deterministic one, but their character (deterministic or not) will match the change
of the cross sections (perturbations). A large class of the changes consists of small variations of the cross sections
around an expected value, corresponding to the critical case, in which the perturbation can be called a noise source,
and the induced flux fluctuations the neutron noise. The space- and time-dependent neutron noise
is hence
defined through
(8.43)
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with
being the static flux, corresponding to the unperturbed state of the reactor. Likewise, the noise
source(perturbation) is defined through the fluctuations of the macroscopic cross-sections as
(8.44)
An equation for the neutron noise in the frequency domain, i.e. for the Fourier-transform
of
can be obtained as follows. One starts with the static equation for the neutron flux, which in a homogeneous system
reads as
(8.45)
with the boundary conditions of vanishing flux at the system boundaries, i.e.
(8.46)
where
is an arbitrary point on the extrapolated boundary. One notes that, unlike for an MSR, the delayed
neutrons do not appear in the static equation. The buckling has also a simpler form
(8.47)
with which the equation is further simplified to
(8.48)
One then assumes that the cross sections become space and time-dependent, executing small fluctuations around
their previous static value, and hence the neutron flux will also fluctuate. This is described by the space-time
dependent diffusion equations for the neutron flux and the delayed neutron precursors as
(8.49)
(8.50)
Here, for simplicity and according to general praxis, the fluctuations of the diffusion coefficient were disregarded.
Splitting now all fluctuating quantities into a static value and a fluctuating part, i.e.

(8.51)
putting these into Eqs. (8.49) and (8.50), subtracting the static equation (8.48), neglecting the second order term
, after a temporal Fourier-transform the fluctuations of the delayed neutron precursors can be
eliminated, and one is left with a single spatial differential equation for the neutron noise in the frequency domain in
the form

(8.52)
With introducing some notations usual in reactor dynamics and neutron noise theory, Eq. (8.52) can be written
in the simpler form
(8.53)
with

TMSR EDUCATION – POWERING THE WORLD

LECTURE 8

Page | 20

(8.54)
where

is the “zero-power reactor transfer function” defined as

(8.55)
and further,
(8.56)
and

(8.57)
Eq. (8.53) is usually solved by the Green’s function technique, where the Green’s function plays the role of the
dynamic transfer function of the core. Before getting to this, it is worth mentioning that often one uses the so-called
point kinetic approximation for the calculation of the space-time dependent flux, or for the neutron noise, in which
one assumes that the space-time dependent quantities can be factored into a purely time-dependent and a purely
space-dependent factor (the amplitude and shape factors, respectively), the latter being equal to the static flux. For
the neutron noise in the frequency domain, this means that one assumes
(8.58)
where
is the Fourier transform of the fluctuations of the amplitude factor. In the linear theory used here,
where the products of fluctuating quantities are neglected,
is directly given in terms of the perturbation as
(8.59)
where the reactivity effect of the perturbation is defined as

(8.60)
A derivation of Eqs (8.59) and (8.60) is found in e.g. [1], [2] and [19] .
As it will be seen soon, under certain circumstances, such as low frequencies or small systems, the point kinetic
approximation works rather well. In general, however, the neutron noise will not behave in a point kinetic manner,
as described by (8.58), rather it will be more complex. In such a case, the part of the noise given by (8.58) is called
as the point kinetic component of the noise, and the rest is called the “space-dependent component”. From the
diagnostic point of view, it is important to know the relative contribution of the point kinetic component to the total
noise, because a too large contribution makes the localisation of the perturbations impossible. This is because, as the
above formulae show, the shape of the neutron noise in the point kinetic approximation is independent of the
position of the noise source.
As it will be shown in Section 8.5, unlike in the case of traditional systems, the determination of the point
kinetic component of the noise is incomparably more complicated. Whereas in the traditional case one can derive
very simple equations for the fluctuations of the amplitude which then can be explicitly solved, for an MSR the
defining equations do not even exist. Very simply expressed, this is because a propagating quantity, such as the fuel
in an MSR, or any travelling quantity such as a wave, imply a relationship between the space and time coordinates,
which cannot be factored into a purely space- and a purely time-dependent factor. The point kinetic component can
still be calculated from the total noise by projection techniques (i.e. using orthogonality relations), but it is very
much more complicated than getting the point kinetic term immediately. This again shows the substantial difference
in the physics of the MSR as compared to traditional systems.
The solution in the general space-dependent case can be obtained by the Green’s function technique. The
Green’s function corresponding to (8.52) is given by the solution to the following equation:
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(8.61)
where

the operator is taken w.r.t. the variable. With the Green’s function, the neutron noise is expressed as:

(8.62)
Physically, the Green’s function is the dynamic transfer function of the system, telling what will be the neutron noise
in point , induced by a perturbation in point . The additive character of the noise due to distributed noise sources,
expressed by the integral, is the result of the linearity of the theory used.
Equation (8.62) expresses the purpose of neutron noise diagnostics. As (8.61) shows, the transfer function
depends only on the unperturbed parameters of the system, hence it can be regarded as known. The
neutron noise
is measured. The unknown quantity to be determined is the noise source
by
inverting the integral equation. In general, without any knowledge on the noise source, this is not possible, mostly
because the neutron noise is only known in a few selected spatial points (the detector positions). Hence in practice,
one makes an assumption on the type of the noise source, constructs a simple analytical expression of it, in which
there are only a few parameters, and elaborates a technique in each case, how to determine the noise source
parameters from the measured noise signals, also knowing the transfer function.
To give an illustration, we give here the Green’s function of a one-dimensional homogeneous system. In this
case a full analytical solution can be obtained, which reads

(8.63)
From the analysis of the above formula, it can be easily shown that for
, the shape of the Green’s function
(as a function of the variable ) becomes equal to that of the static flux, since
, whereas its amplitude
goes to infinity. This represents point kinetic behaviour, also demonstrating that the space dependence of the noise is
independent of the position of the perturbation. A similar behaviour is seen for small system sizes. For increasing
frequencies, the originally convex cos-shaped space dependence gradually goes over to a concave shape, which is
peaked at the perturbation position . In that case, there is a chance to infer the position of a localised perturbation
from noise measurements. An illustration of the space-dependence of the amplitude (absolute value) of the above
Green’s function
power reactor.

for such a case, for a non-central perturbation is shown in Fig. 8.11 with the data of a
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Figure 8.11: Space-dependence of the amplitude of the one-dimensional Green’s function
diffusion theory for

in one-group

at 1 Hz.

In the next subsection the properties of the dynamic transfer function of the MSR, and the neutron noise
induced by propagating perturbations will be derived and analysed.
8.4.3 Neutron noise in an MSR
The methodology described above will now be suited to the one-dimensional MSR model introduced earlier. As
usual in noise theory, the perturbations are represented by the fluctuations of the cross sections. In the overwhelming
majority of the work performed in traditional systems in one-group theory, the noise source was assumed to be the
fluctuations of the absorption cross sections. For several important perturbations, such as density and temperature
fluctuations of the coolant, vibration of control rods, this is naturally the case. Besides, modelling a physical
perturbation (such as a vibrating control or fuel rod), leads to a very similar mathematical representation of the noise
source due to the fluctuation of either of the cross sections. As a consequence, apart from some minor trivial
differences, the space- and frequency dependence of the induced neutron noise will be very similar for both cases.
Due to the above, and also for simplicity of the description and compatibility with earlier work in traditional
systems, the neutron noise due to the fluctuations of the absorption cross sections will be elaborated and discussed
also in the rest of this chapter. This justification of this choice is though not self-evident, and deserves some
discussion. Not the least since space-time fluctuations of the fission cross sections, due to the flow of the liquid fuel,
will play a much more dominant role in an MSR than in traditional systems.
The justification is based on a recent work on this question, where the properties of neutron noise in an MSR,
induced by the fluctuations of the fission cross sections, were investigated [20]. It was shown that, although the
mathematical representation of the noise source due to fission cross section fluctuations in an MSR is indeed much
more involved than, and rather different from that due to the fluctuations of the absorption cross sections, the
neutron noise induced by propagating fission and cross section fluctuations was very similar to each other both
qualitatively and quantitatively. Given this fact and that the mathematical treatment of the neutron noise induced by
fission cross section fluctuations is much more complicated and less transparent, the choice of only considering
fluctuations of the absorption cross sections feels justified.
We now start with the time-dependent diffusion equations given in (8.1) and (8.2), repeated here for easy
reference as
(8.64)
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(8.65)
Now the flux, the precursor density and the fluctuations of the cross sections are split into static and fluctuating
quantities as
(8.66)
(8.67)
and
(8.68)
where
and
fulfil the critical equation with
neglecting the second order term

Putting these into the time-dependent equations (8.1) and (8.2),
, and subtracting the static equations yields
(8.69)

(8.70)
with the boundary condition of vanishing flux fluctuations at the extrapolated boundaries and the condition for
in the form
(8.71)
A Fourier transform of these expressions leads to

(69)
The fluctuations of the precursor density can be eliminated the same way as in the static case, which leads to
(8.75)
and

(8.76)
This equation shows some conceptual similarity to the static equations, with the same underlying interpretation
such that the effect of the perturbations passing the core in previous recirculation cycles, and that in the last (current)
cycle are seen separately. Naturally, the equation is inhomogeneous (has a non-zero right hand side, represented by
the noise source, whereas the static equation is homogeneous.
8.4.4 The Green’s function
Before turning to any particular case of the perturbation
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of the problem, because it only reflects the properties of the system and not that of the particular
perturbation. Often it is simpler to solve the corresponding equations for the Green’s function than for the full noise
equation.
Similarly to the case of the static calculations, in order to get insight, it is interesting to consider the case of
infinite fuel velocity first which allows closed form analytical solutions. The closed form analytical solutions will
help in getting insight to the dynamics of reactors with circulating fuel, at least in a limiting case.
8.4.5 Solution for
Performing the same limit of
as

and

as in the previous case yields the equation for the neutron noise

(8.77)
For the calculation of the dynamic Green’s function

, first we define

(8.78)
and
(8.79)
With these notations the equation for the Green’s function of (8.77) with the shift of spatial variable from
reads as

to

(8.80)
The details of the solution again can be found in [9]. The result, analogously to (8.4.2), is found to be

(8.81)
where

,
(8.82)

(cf. Eq. (8.3.4)), and the factor

is defined as
(8.83)

Note that
because the r.h.s. of (8.83) reduces to the criticality equation (8.25). One notes the symmetry
in and : the fact that Eq. 8.77 is self-adjoint is reflected in the Green’s function.
The second term in the Green’s function is formally identical with the Green’s function in traditional systems,
where the first term is not present. The point kinetic behaviour for traditional systems can be derived from the
properties of this second term as
tends to zero, because the term
tends to zero. In the present case,
does not tend to zero when tends to zero, and correspondingly, the point kinetic behaviour will not be
related to the second term, rather it will derive from the first one. Namely, taking the limit
, the second term
of (8.81) will remain finite, whereas the first will diverge since
, as mentioned above. Hence one has

TMSR EDUCATION – POWERING THE WORLD

LECTURE 8

Page | 25

(8.84)
when
. Since the Green’s function is now factorised what regards frequency and space dependence, and the
space dependence is further factored into a product of the static flux at and , respectively, it is shown that an
MSR with infinite fuel velocity also shows point kinetic behaviour at low frequencies. The analysis can be made
similarly with considering systems of decreasing size instead of frequency, with a similar conclusion. However, the
case of finite fuel velocity, which is not self-adjoint, will be considerably more complicated.
8.4.6 Quantitative analysis: comparison with traditional systems
The Green’s function for infinite velocities was calculated for various frequencies, and compared to the case of a
traditional reactor of the same size. As it was shown in the previous subsection, the Greens’s function of a traditional
reactor is given as

(8.85)
where

(8.86)

(8.87)
and
. We note that the basic formula for the MSR Green’s function is the same as that for the traditional
reactor, with an extra term added. Another difference is that to have both systems critical, they need to have slightly
different material properties. The data used in the calculations are shown in Table 8.1.
The space-dependence of the amplitude of the Green’s functions of an MSR and a traditional system of power
reactor size, for
and for various frequencies, can be seen in Fig. 8.12.
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Figure 8.12: Comparison between Green’s functions for infinite and zero fuel velocity for various frequencies in a
large system (
). (a) = 0.001; (b) = 1; (c) = 100; (d) = 1000 rad/s.
At extremely low and high frequencies, the spatial form of the two Green’s functions is the same, so they have
the same asymptotic properties. At low frequencies, the noise has the same form as the static flux, indicating point
kinetic behaviour. However, the amplitude of the Green’s function of the MSR is much larger than that in the
traditional system. This can be related to the fact that the effective delayed neutron fraction is much smaller in the
MSR than in a corresponding traditional reactor with the same nuclear constant , due to the fact that a large portion
of precursors decays outside the core in the MSR. It is easy to show for a traditional system that at plateau
frequencies and below, the amplitude of the transfer system is proportional to
. For the MSR, a rough estimate is
that the amplitude is proportional with
where
takes account for the losses of the decays outside the
core, and one can estimate it as

With the present data,
cm and
cm, one obtains that the amplitude of the Green’s function of an
MSR is approximately 2.33 times larger than that of the corresponding traditional system. Figs 12(a) and (b) confirm
this estimate quite well.
It has to be noted that in the present analysis an MSR with the parameters of a traditional thermal reactor fuelled
with U-235 was taken. A further difference is that an MSR will presumably run on fuel with a smaller fraction of
delayed neutrons per fission, hence the difference will be even larger. Thus, the above observation has some
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relevance even outside the MSR systems and it is interesting in general for all fast reactor systems or for cores with
MOX fuel, due to the smaller fraction of delayed neutrons. With some simplification it can be claimed that the
amplitude of the neutron noise for the same perturbation can be expected to be larger in Gen-IV systems than in
traditional reactors, hence noise diagnostics of such systems will be effective.
One can also observe on Figs 8.12(a) - (d) how the point kinetic behaviour, expressed by the similarity of the
space dependence of the Green’s function with that of the static flux, gradually disappears and the system response
to localised perturbations becomes localised. It is also seen that the MSR retains a point-kinetic behaviour for larger
frequencies than a traditional reactor. This can be attributed to the fact that the MSR is a more tightly coupled
system than a traditional reactor, due to the movement of the fuel which, by transporting delayed neutron precursors
from the place of their generation to their decay, establishes a neutronic coupling between different regions.
8.4.7 Results with finite velocity
The case of no recirculation will not be investigated here; as mentioned, its solution is not much easier than that of
the full equation. This case was investigated in [6] and showed only predictable simple quantitative differences
compared to the full recirculation treatment.
As mentioned in connection with the static and transient cases, the equation for the Green’s function can either
be solved by expansion into an orthogonal set of eigenfunctions of the static problem, as was done in [21, 3, 9], or
by the analytical solution used earlier in this Chapter both for the static case and for the transient problem. The latter
way is preferred because the such a solution can be convoluted with the noise source to arrive at analytical
expressions for the induced neutron noise. The main task is again to determine the roots of the characteristic
equation, with the only difference to the previous cases being that now not only some of the roots, but the equation
itself becomes complex. The details are described in [6], here we shall only restrict ourselves to present some
quantitative results.
These are shown in Figs 8.13 and 8.14. Fig. 8.13 shows the frequency dependence of the amplitude of the
Green’s function in the smaller system for various fuel velocities. At the lowest velocity, the frequency dependence
is the same as that of the amplitude of the zero power transfer function
: a plateau at medium frequencies,
and an
behaviour at low and high frequencies. At higher frequencies, some multiple ripples appear. The
frequencies where these appear correspond to the inverse of the recirculation time of the fuel. With higher velocities,
these appear at higher frequencies. As it will be shown shortly, it is these ripples which cannot be reproduced by a
solution of the point kinetic equations.

Figure 8.13: Frequency dependence of the Green’s function for a few different fuel velocities in the small system.
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Figure 8.14: The space dependence of the Green’s function in a large system for a few different velocities, including
and
.
cm,
rad/s.
Fig. 8.14 shows the space dependence of the amplitude of the Green’s function in the large system, for
and a frequency of
rad/s, which is in the middle of the plateau region, for a few different
velocities. For
, that is a traditional reactor, the Green’s function is relatively localised and indicates
substantial deviation from the point kinetic behaviour. For increasing fuel velocities, partly the amplitude of the
Green’s function increases, and partly its shape is changed towards a more point-kinetic type behaviour. The reasons
of these effects were already touched upon; the increase of the amplitude is due to the loss of neutrons decaying
from precursors outside the core, and the point kinetic behaviour is due to the increased neutronic coupling between
various parts of the core, due to the fuel flow and the movement of the precursors.
8.5 The point kinetic approximation and the point kinetic component
In this Section the point kinetic approximation of the space-time dependent MSR equations, and derivation of the
point kinetic component of the neutron noise will be discussed. This is yet another example where obvious,
conceptual differences between the physics of traditional solid fuel reactors and the MSR will be revealed.
8.5.1 Introduction, background
The point kinetic approximation is the simplest in the hierarchy of the various reactor kinetic approximations [19].
Historically, the interest in the kinetic approximations arose because there was insufficient computer power to solve
full space-time dependent transient problems, especially to model large power excursions. Moreover, many of the
available measurements were made in small, tightly coupled cores, where point-kinetic theory was expected to work
fairly well.
In the late 1970s, the focus in reactor analysis was gradually shifting toward large commercial power reactor
systems, where space-dependent effects were to play a much more significant role. Simultaneously, with the increase
of computer power, more and more involved space-time dependent calculations could be performed. As a result, the
point-kinetic approximation has lost its original value and importance. Interestingly, however, the result of this
approximation, i.e. the point kinetic component of the dynamic response, and in particular the point kinetic
component of the neutron noise, kept its significance.
This is because with growing operational experience, the need for diagnostics of spatially dependent
perturbations, such as unfolding the noise source properties (e.g.the position of a vibrating control rod or a channel
blockage) arose. As it turns out, to design an effective unfolding procedure for locating a noise source, as well as to
select optimum detector positions, it is useful to know the point-kinetic and pure space-dependent components of the
neutron noise separately. Hence, the point-kinetic component of the induced neutron noise regained its significance
in reactor calculations. The main emphasis of the discussion here is, therefore, to investigate the possibility of
calculating the point-kinetic component in an MSR separately from the space-dependent component.
The point kinetic equations are usually derived from the space-time(-energy) dependent diffusion or transport
equations, with an assumption of factorising the space-time dependent flux into an amplitude factor
which is
only dependent on time, and a normalised shape function
. This procedure is often referred to as the “Henry
factorisation” [1]. The goal of the point kinetic approximation is to derive the amplitude factor
from a set of
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simplified equations, which are obtained from the original space-time dependent equations by a projection
technique, i.e. integrating them with a weight function. In this process the coefficients of the arising point kinetic
equation for
will depend on the unknown shape function. However, this dependence can either be neglected by
replacing the shape function with the static flux or the static adjoint, or re-calculating the shape function with time
too, but with a substantially larger time-step.
As is described in [1], the application of the point kinetic approximation is particularly useful in reactor noise
theory, because, due to the use of linear (“first order”) theory, allowing the neglection products of fluctuating
quantities, the coefficients of the point kinetic equation will no longer contain the unknown shape function. In other
words, the calculation of the amplitude and the shape function decouples, and the coefficients of the point kinetic
equation become known constants.
Solution methods of the time dependent equations of an MSR by way of the reactor kinetic approximations of
traditional reactors, have been extensively discussed in the literature [22, 23, 24, 21, 3, 25]. As is described in these
publications, due to the different structure of the delayed neutron precursor equations for the MSR, the mathematical
procedure of deriving the point kinetic equations is different from that of the traditional reactors. A modified, more
involved form of the Henry factorisation procedure has to be used, in which both the flux and the delayed neutron
precursors need to be factored. In accordance with this, the projection of the flux and the precursor equations
requires two different weight functions, the static adjoints of both the flux and the precursors, each used with the
corresponding equation.
Nevertheless, the above only represents a technical complication which can be handled. The more substantial
problem, which became clear from the above investigations, is that in an MSR, even in the case of small stationary
fluctuations of the neutron flux, the advantage of decoupling of the equations for the amplitude and the shape
function disappears. It turns out that neglecting second order terms, the point-kinetic parameters appearing in the
point kinetic equations remain dependent in first order of the fluctuations of the unknown shape functions. This
means that the correct solution (in first order) of the point kinetic equations requires simultaneous solutions for the
shape functions, which will not be easier than the original full equations; in fact, due to the factorisation procedure,
it will even be more complicated. One can use various fixes to bring the point kinetic equations to a form which is
independent from the shape function, but these result in solutions which, although not completely incorrect, do not
reproduce some important features of the correct point kinetic component.
The underlying reason for this difference between traditional systems and the MSR is the contradiction between
the propagating character included in the equation (for the transport of the precursors) and the very concept of pointkinetic behavior. The propagation incurs a non-separable relationship between the spatial and temporal coordinates.
This is in conflict with point kinetics, which assumes that the space and time dependence of the occurring functions
can be factorized into a purely time- and a purely space-dependent function. As a partial consequence, in an MSR,
the fulfilment of the adjoint property is possible only for the static quantities but cannot be achieved for the timedependent quantities, such as the dynamic adjoint.
Hence, the easiest way to obtain the point kinetic component of the neutron noise is to first obtain the solution
of the full space-time (or rather, space-frequency) dependent equations, and extract the point kinetic component with
the same projection techniques as one uses for the derivation of the point kinetic equations. Comparing the correct
solution obtained that way with the solution of the "fixed" point kinetic approximation will reveal the deficiencies of
the latter.
In the rest of this Section an outline of the derivations, with proofs of the above statements will be given. For
the details of the calculations the reader is referred to [26].
8.5.2 Derivation of the linearised point kinetic equations
The kinetic approximations are defined through factorising the space-time dependent flux into an amplitude function
and a shape function
as
(8.88)
with the normalisation condition
(8.89)
Condition (8.89) makes the factorisation unambiguous, but leaves a freedom in selecting different forms for the
weight function
. The choice of
will affect the actual form of the amplitude and the shape functions, as
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well as the structure of the equations for the amplitude function (the point kinetic equations) and for the shape
function. In traditional systems with stationary fuel, the usual choice is to use the static adjoint as the weight
function, i.e.

(8.90)
This choice yields the traditional point kinetic equations, where the time evolution of the amplitude function
is
driven by the reactivity perturbations. Once
is found, the point kinetic component of the space-time dependent
flux is obtained by replacing the shape function with the static flux, i.e.
(8.91)
Eq. (8.5.2) amounts to saying that the integral of the shape function and the weight function is constant, and one
is free to choose this constant to be

(8.92)
By way of this, the amplitude factor, and hence through (8.5.2) the point kinetic component of the noise, can be
obtained from the full space-time dependent flux as

(8.93)
The objective of this section is to show that for an MSR, the fluctuations of the amplitude factor can be obtained
analytically by the above procedure, but there are no point kinetic equations available which would yield the same
solution.
The derivation of the point kinetic equation starts with the space-time dependent diffusion equations used in the
foregoing, which are re-written here for convenience:
(8.94)

(8.95)
with the following boundary conditions:
(8.96)
(8.97)
The corresponding static equations read as
(8.98)
(8.99)
with the boundary conditions
(8.100)
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(8.101)
The corresponding static adjoint equations read as:

(8.102)

(8.103)
with the corresponding adjoint boundary conditions
(8.104)
(8.105)
For simplicity, Eqs (8.102)-(8.103) can be rewritten in a matrix form as

(8.106)
Since for the derivation of the point-kinetic equations, both the flux and the delayed neutron precursor density
has to be factored into an amplitude factor and a shape function, the following factorisation will be used:
(8.107)
and
(8.108)
Accordingly, for both shape functions one has to specify a normalization condition, for which the static adjoints will
be used as weight functions:

(8.109)

(8.110)
With the above, the (non-linearised) point kinetic equations can be derived by substituting Eqs. (8.107) and
(8.108) into Eqs. (8.94) and (8.95), multiplying the resulting equations by the adjoint steady-state quantities
and

, respectively, integrating for the whole reactor and subtracting the adjoint Eqs. (8.102) and (8.103)

multiplied by
and
, correspondingly.
Then, defining the fluctuations of the cross sections as:
(8.111)
(8.112)
However, our goal is to derive equations for the point kinetic component of the neutron noise, which is obtained
as the fluctuation of the amplitude function. Hence we introduce the following linearization:
(8.113)
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(8.114)
(8.115)
(8.116)
Then, using Eqs. (8.113)-(8.116) in the time-dependent and the static equations, neglecting the second order terms
and subtracting the static equations, the following point kinetic equations can be obtained:

(8.117)

(8.118)
Here
,
and defined as:

,

and

depend on the fluctuations in the shape functions

and

(8.119)

(8.120)

(8.121)

(8.122)
with

and
being constants [26].
The above equations clearly show the difficulties described in the introduction. Although Eqs (8.117) and

(8.118) constitute a linear differential equation system for
and
from which, after a Fourier
transform,
can easily be expressed, this constitutes only a formal solution. As is seen, all functions in Eqs.
(8.119) - (8.122) contain the fluctuations of the shape function in first order, which hence cannot be neglected, and
which are unknowns. Thus, the solution cannot be calculated without making some assumptions about the unknown
parameters. One such approximation is discussed in the next Subsection.
It can also be shown (for the details, see [26]), that the reason for the presence of the first order fluctuations of
the shape function in the equations can be traced back to the non-disappearance of one term in the derivation, which
arises due to the fact that the static adjoint does not fulfil the adjoint property with the time-dependent flux.
Expressed with the shape function, this arises from the equality

(8.123)
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(8.124)
One can easily show from the boundary conditions for the precursors, Eq. (8.97), re-formulated to the shape function
that
is not zero, but it is more illuminating to discuss the same term at the level of the non-factored
flux. The same equality reads then as

(8.125)
and from the boundary conditions (8.5.2) and (8.5.2) this yields

(8.126)
In other words the static adjoint operator does not have the adjoint property against the time-dependent precursor
distribution. It is also clear that if one replaces the space-time dependent precursor distribution with the static one in
(8.125), Eq. (8.126) becomes identically zero. In the time-dependent case, for the shape function, one obtains

(8.127)
8.5.3 Point kinetic equation with static fluxes
A straightforward way of deriving the point kinetic equations is to use the point kinetic approximation to the shape
functions, that is to replace
assume [23]

and

with the corresponding static fluxes

and

, that is to
(8.128)

and
(8.129)
In this case, the term
in (8.124) becomes zero, but this is at the price that the boundary condition (8.97) cannot
be fulfilled, since it would lead to
(8.130)
It is easy to show that in general this condition cannot be fulfilled and it cannot be imposed on the resulting point
kinetic equations. The absence of the boundary conditions will be the reason for the absence of the characteristic
structure of the amplitude function in the frequency domain, which will be seen in the exact solution. The fact that
the boundary condition cannot be fulfilled is the result of the previously mentioned fact that the propagation
property and the factorisation of the space and time dependence are not compatible.
Turning now to the fluctuations of the amplitude functions, we split up the time dependent quantities into
expectation and fluctuating parts as
(8.131)
(8.132)
In view of Eqs. (8.128)-(8.129) one can assume

. The linearised point kinetic equations are obtained as

(8.133)
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(8.134)
After a temporal Fourier transform one arrives to the solution
(8.135)
where

(8.136)

(8.137)
It is seen that this solution contains a zero power transfer function whose frequency dependence is exactly the same
as that of the traditional systems. The only difference is the appearance of an extra term in the expression of the
reactivity. This solution will not be able to reproduce the periodic peaks of the true solution, which accounts for the
return of the delayed neutron precursors to the core, and which were already seen in Fig. 8.13.
However, this solution is the only one which can be concretely calculated, hence it is the one which we will
compare with the exact solution, derived from the full space-time (frequency) dependent solution. It also has to be
added that some empirical modifications of the point kinetic equations were introduced to account for this effect.
For instance, in [23] a term, similar in form of the neglected term in our equation (8.126) but expressed only with
the amplitude function, was added. These do not supply a solution which is correct to the first order of the
perturbation [27].
8.5.4 Derivation of the point kinetic component from the full solution
The fluctuations of the amplitude function can be determined from the full space-frequency dependent solution by
the Green’s function technique. Actually, assuming a localised perturbation (in form of a spatial Dirac-delta
function) the induced noise will be proportional to the Green’s function. Splitting the space-time dependent
quantities into a pure space dependent mean value and a space-time dependent fluctuating part, i.e.
(8.138)
(8.139)
(8.140)
(8.141)
Following the usual steps of substituting Eqs. (8.138)-(8.141) into (8.94) and (8.95), subtracting the static equations,
neglecting second order terms such as
, and eliminating the equation for the precursor
density by a temporal Fourier transform, one arrives at following matrix noise equations:

(8.142)
where the frequency dependent buckling
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(8.143)
For simplicity, in the continuation it is assumed that only the absorption cross-section is perturbed. Then the
corresponding matrix equation for the Green’s function reads as
(8.144)
The solution of Eq. (8.144) can be obtained analytically, as described in the previous subsection. with usual
techniques. Now, using the factorization (8.107)-(8.108) with the linearisation (8.113)-(8.116), neglecting second
order terms, one obtains for the neutron noise
(8.145)
(8.146)
Here the first term is the point kinetic component, and the second the space dependent one. In order to obtain the
point kinetic components, both sides of Eqs. (8.145)-(8.146) are multiplied by the adjoint fluxes
and
,
respectively. Then, integrating over the whole reactor and taking into account the normalization conditions (8.109)(8.110), the following explicit expressions for

and

can be obtained:

(8.147)

(8.148)
These can be calculated with the usual techniques.
The above expressions can be evaluated quantitatively, since they only contain known quantities. The result can
be compared with the solution (8.135) of the point kinetic equations.
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Figure 8.15: Comparison between frequency dependence of amplitude of zero transfer functions as calculated from
the full solution (red dotted line) and calculated from point-kinetic equations (blue line) for H=300 cm, L=400 cm,
u=50 cm/s, x=0 cm,
cm (source position);
Such a comparison is shown in Fig. (8.15), which displays the two zero power reactor transfer functions, i.e. the one
calculated from the full space-frequency solution (for the simplicity we call it as

) and the one calculated

from the point-kinetic equations (see Eq. (8.135), for the simplicity we call it as
). The function
shows the characteristic peaks at frequencies being equal to the inverse of the total recirculation time , as one can
expect from the physics of the process. The solution
is completely smooth and does not show any peaks. It
can be mentioned that to compensate for this deficiency of the simplified point kinetic equations, an empirical form
of the point kinetic equation was suggested in several publications [25, 3]. These equations indeed lead to a transfer
function that has some minor peaks at certain frequencies. However, as it was discussed in [27], neither the position,
nor the amplitude of those peaks correspond to the correct ones, given by the exact solution.
Another difference between the two transfer functions is that they differ by about a factor 2 at low frequencies,
and are equal to each other only at higher frequencies, from the upper part of the plateau region. This fact is due to
the neglection of first order terms when calculating the coefficients of the point kinetic equation.
It is thus seen that for the molten salt reactor equations, the derivation of the point kinetic equations for the
neutron noise which supply results that are accurate in first order, faces some difficulties. A linearisation of the
equations obtained by the factorisation technique leads to an equation in which certain terms contain the fluctuations
of the shape functions, which are not known. If these terms are neglected, including the one which guarantees the
fulfilment of the boundary conditions for the delayed neutron precursors, the solution becomes inaccurate. This
latter was shown by calculating the point kinetic component from the full space-frequency dependent solution by
projecting it to the static adjoint flux. This shows that the molten salt reactor equations are not suitable to derive
point kinetic equations which yield the correct point kinetic component.
8.6 The neutron noise in an MSR, induced by propagating perturbations
In traditional light water reactors, the propagation of the coolant, through its non-completely homogeneous structure,
represents a perturbation which has the property of propagating through the core. In pressurized water reactors
(PWRs), the small fluctuations of the inlet temperature, affecting e.g. the absorption cross sections, represents a
propagating perturbation whose effect on the neutron flux can be measured. Such propagating perturbations and
their effect on the neutron noise were studied before [28, 29, 13]. In these earlier works, the neutron noise was only
calculated in the point kinetic approximation. The space dependence was calculated only very recently [30]. This
interest was clearly triggered by the renewed interest in Molten Salt Reactors, in which such perturbations will be
present in a stronger from than in a PWR, since it will be the properties of the propagating fuel that will have some
random variations in contrast to those of the coolant in a PWR. However, the neutronic response of the MSR will
also be different, as we have already seen at the level of the Green’s function. So the space-dependent neutron noise
due to propagating perturbations is interesting both in traditional reactors and in the MSR.
The propagating perturbation can be represented as
(8.149)
and thus in the frequency domain one has
(8.150)
Here the process
, i.e. the perturbation at the inlet of the core, is usually considered as a white noise
process, so the frequency dependence of its autospectrum is constant. This is often represented such that
(is taken as a constant, although strictly speaking it is only valid for its autospectrum. This latter is, however,
calculated by the Wiener-Khinchin theorem as its own absolute value squared, so the assumption of
being
constant does not lead to any contradictions. Hence in the continuation we set
As is known [29], the reactivity effect of such a perturbation, calculated as
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(8.151)
shows a characteristic, periodic sink structure, i.e. it has zeros (“sinks”) at

(8.152)
where
is the transit time of the fuel (coolant) through the core. This sink structure of the reactivity, which
immediately affects the frequency dependence of the induced neutron noise, especially in the case of point kinetic
behaviour, will be used to interpret the results from the space dependent calculations.
The space dependent noise can be calculated by the help of the Green’s function, which we determined earlier.
The noise is then given as

(8.153)
A few characteristic results will be shown for illustration. The frequency dependence of the noise in a small
system is shown in Fig. 8.16 as measured in the centre of the system. Such a small system is assumed to behave in a
point kinetic manner up to high frequencies (especially in the MSR which, as it was noticed, behaves more point
kinetically than a corresponding traditional system). Hence the resulting noise shows the sink structure of the
reactivity, modulated by the frequency dependence of the transfer function, which is seen in Fig. 8.13. Also the
ripples at low frequency can be seen, although less visibly, due to the linear plot in the -axis in this figure. For the
large system (Fig. 8.17), the situation is rather different. At low frequencies, the ripples due to the fuel recirculation
are still visible. However, the sink structure at higher frequencies is rather different and less marked. Moreover, the
frequency dependence is different in different parts of the reactor, as is seen in the figure which shows the noise in
two different points of the reactor.

Figure 8.16: The frequency dependence of the neutron noise induced by a propagating perturbation in a small
system ( H =50 cm).
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Figure 8.17: The frequency dependence of the neutron noise induced by a propagating perturbation in two different
points in a large system ( H =300 cm).
The diminishing of the sink structure is largely due to the less dominant contribution from the point kinetic
components, since it is only this component which has the sink structure. The further deviations below the plateau
frequencies can be partly understood from the interference between the point kinetic and space dependent
components of the induced noise, as it was discussed in a companion paper, dealing with the space-dependent effect
of propagating perturbations in traditional reactors. [30]. This interference arises from the fact that the point kinetic
component has a uniform phase across the whole core, whereas the phase of the space dependent term follows that
of the perturbation. As seen from (8.150), the phase of the latter is

i.e. it changes linearly with the position in the core. Hence the two components are in certain points in-phase, at
some other point out-of-phase, leading to constructive and destructive interference, respectively. The result is the
somewhat complicated frequency behaviour seen in Fig. 8.17.
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Figure 8.18: Comparison between the neutron noise space dependence for different frequencies in a large system (
H =500 cm, v =250 cm/s). (a) = 1; (b) = 5; (c) = 7; (d) = 10 rad/s..
Further insight can be gained by investigating the space dependence of the noise for different frequencies. We
show this space dependence in the large system at two different frequencies. In Fig. 8.18 the space dependence is
shown for a low frequency. At this frequency the system behaves in a point kinetic manner, hence the amplitude of
the noise follows the shape of the static flux.
At the higher frequency of
rad/s (Fig. 8.18), which is in the middle of the plateau region, the space
dependence suddenly show local maxima and minima, although the space dependence of both the point kinetic and
the space-dependent parts is smooth and similar to the static flux. As it was mentioned before and is discussed in
detail in [30], the maxima correspond to the core positions where the point kinetic and space dependent terms are inphase, and the local minima to the points where they are out of phase. The reason that no such non-monotonic
behaviour is seen at low frequency is partly that at lower frequency the spatial oscillations of the phase of the spacedependent term are much slower, and more important, the point kinetic component dominates and hence the
interference has no effect. At the plateau frequency, shown in Fig. 8.18, the point kinetic component has decreased
such that the two components are comparable in amplitude. This is why the spatially oscillatory behaviour of the
noise is so marked. At even higher frequencies, the point kinetic term decreases further, and the spatial behaviour
becomes smooth again, because it is dominated by the space-dependent component alone.
It is also interesting to make a comparison with traditional systems. As is is shown in [30], in a traditional
system of the same size, at the plateau frequency, the noise is dominated by the space-dependent component, hence
the interference and the spatially oscillatory behaviour of the noise is largely absent. It can only be observed at much
lower frequencies in the large system. The fact that this interference of the two components exists at plateau
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frequencies in an MSR is a further indication of the fact that an MSR behaves in a more point kinetic manner than a
corresponding traditional system.
8.7 Conclusions
As was seen, the physics and dynamic behaviour of an MSR comprises a number of interesting new questions and
results. The spatial redistribution of the precursors and their partial decay outside the core has the effect that the
noise level increases in the system, and the spatial coupling becomes tighter, leading to an increase of the
contribution from the point kinetic component of the noise. While in a traditional power reactor the reactivity term is
relatively insignificant at plateau frequencies, in an MSR of comparable size the point kinetic term is still
comparable with the space-dependent one. This fact will influence the possibilities of the diagnostic methods, such
as localising noise sources etc. The observation on increased noise amplitudes in an MSR has, by extrapolation, a
relevance to all cores containing minor actinides with smaller fractions of delayed neutrons, in that higher noise
amplitudes can be expected in all such systems.
It has to be emphasised that all deviations between a traditional system and an MSR in this study are solely due
to the movement of the fuel, and not to the differing material composition of an MSR. In this simple study the two
systems were compared by using similar material properties, to concentrate on the differences that are only
attributed to the movement of the fuel. Further differences may be expected if the proper material properties of an
MSR are taken into account, such as a smaller delayed neutron fraction. In a core with a fast spectrum, the present
one-group treatment has to be replaced with a two-group approximation.
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